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Question 15

(1) Nearly-free electron approximation in 2-dimensions

2 2 2
[—h—(z‘i?+%]+v]?:1w
x*  dy

where V(x,y)= _Vo[ei2lcc/a eizmla 4 pidnyia +e—i2nyla] .

At k,=(0,0)2&

At k = (’%’0)2_

a

(P = Aeil&/a o Be—ich/a
Substitute into the Schrodinger equation:'

W’ : 4 . ‘
l:zmz + V:'[Aemx/a +Be—zlrxla] — E[Aem.‘x/a + Be—xnx/a]

Compare coefficients of e™'* and ¢™™'*. Neglect all other terms:

2 -9
eilr.)c/a: hﬂ.2A—VaB:EA i
2ma
2 .2
ea . T p_ya_pp
2ma
Write in matrix form: r
Wr?
5 e I -V, A 0
ma =
2 .22
-V, ;”’2—13 B 0
ma

Set the determinant equal to zero and solve for the two eigenvalues, which are

B

E
2ma*

+V

o
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At k, = (%’%)27”

Y — Aei(x+y)7£/a + Bei(x-—y)lr/a + Cei(—x+y)7[/a ke Dei(—x—y)m/a )

Substitute into the Schrédinger equation:

n
[ + V:I[Aei(x-*-y)n'/a + Bei(x—y)l!/a +Cei(-—x+y)lr/a +Dei(—x—y)lr/a:|

2
ma

— E[Aei(x+}’)75/a " Bei(x—y)lr/a +Cei(—x+y)7b’/a + Dei(—x—y)lr/a]

Compare coefficients of i s L I S L P B e Neglect all other terms.

2 e
pilee)la hﬂ2 A-V.B-V.C=EA
ma
Vi)
gl :—nA+hﬂB—nD:EB
ma
2.2
EH”W“:—%A+h€C-%D:EC
ma
2.2
é“ﬂw“:—nB—mc+hﬁD=ED
ma

Write in matrix form and set the determinant equal to zero:

2.2
T g v, ~¥, 0
ma
2_2
v, T _ g o ~v, = @
ma
R’
= 0 __E -V,
ma
'’
0 ¥, =¥ B
ma

This equation is a little more complicated, but it is not too hard to show that the eigenvalues are:

2.2 2.2 2,2
E=l? top | E="% sy ., B=E='2
ma ma ma

Note that at this level of approximation the lowest band gaps at k, and k, are both equal to 2V .
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Question 16 - 3
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