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Gaussian curvature

2D Bloch Bands [Thouless, Kohmoto, Nightingale & den Nijs, PRL 1982]

Chern number: 

• Insulating bulk with     gapless edge states

ν =
1

2π ∫BZ
d2k Ωk

Ωk = − i∇k × ⟨uk |∇kuk⟩ ⋅ ̂zBerry curvature:

ν

ν•    cannot change under smooth deformations

  Topological Invariants
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• Many generalisations when symmetries are included:
topological insulators/superconductors in all spatial dimensions

[Hasan & Kane, RMP 2010]

— Time reversal symmetry

— “Chiral” (sublattice) symmetry 
       e.g. Su-Schrieffer-Heeger model

⇒ Detailed classification of topological matter at equilibrium

[Here for free fermions, but also for strongly interacting systems]

(non-magnetic system in vanishing magnetic field)

[ARPES: Xia et al., 2008]

⇒ bulk gap + gapless surface states

  Topological Insulators
Topological Insulators

[Hasan & Kane, RMP 2010]

Many generalizations when symmetries included:
“symmetry-protected” topological insulators/superconductors

– Time-reversal symmetry (non-magnetic material in = 0)

)3D bulk insulator with metallic 2D surfaces

– Su-Schrie↵er Heeger model
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)1D band insulator with gapless edge modes
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ν=1

k k k

E E E

ν=0 ν=?

• Preparation of topological phases?

• Is there a topological classification of non-equilibrium many-body states?

⇒Yes, and it differs from the equilibrium classification

e.g. dynamical change in band topology

time

 Non-Equilibrium Dynamics?                [unitary evolution]
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• Dynamics of Chern Insulators (2D)

• Dynamics of Topological Phases in 1D

• Topological Classification Out of Equilibrium

  Outline
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  Dynamics of Chern Insulators (2D)
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Quench: start in ground state of      then time evolve under Ĥ i Ĥf

ν=1

k k k

E E E

ν=0 ν=?

time

Time-evolving Bloch state of fermion at  k
|uk(t)⟩ = exp(−iĤf

kt) |uk(0)⟩

Ωk(t) = − i∇k × ⟨uk(t) |∇kuk(t)⟩ ⋅ ̂z

⇒ Chern number of the many-body state is preserved
[D’Alessio & Rigol, Nat. Commun. 2015; Caio, NRC & Bhaseen, PRL 2015]

[“topological invariant” under smooth changes of the Bloch states]



  Dynamics of Chern Insulators: Physical Consequences
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• Chern number can be obtained by tomography of Bloch states
    [Two-band model:                                                                        ]

[Fläschner et al. [Hamburg], Science 2016]

[Wang et al. [Tsinghua], PRL 2017; Tarnowski et al. [Hamburg], arXiv 2017]

τ ≫ L /𝗏

|uk⟩ = cos(θk /2) |A, k⟩ + sin(θk /2)eiϕk |B, k⟩

• Topological of final Hamiltonian can be obtained by tracking the evolution
    of the Bloch states in time

• Obstruction to preparation of a state with differing Chern number
    [For slow ramps,                , deviations can be small]



Haldane model

Local Chern Marker

[Haldane, PRL 1988]

[Caio, Möller, NRC & Bhaseen, Nat. Phys. 2019]

[Bianco & Resta, PRB 2011]

  Dynamics of Chern Insulators in Real Space
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Quench dynamics involves flow of the Chern marker

∂c
∂t

= − ∇ ⋅ Jc

y

x

ARTICLESNATURE PHYSICS

(to ensure that c(r) integrates to zero) flows from the edges towards 
the interior (Fig. 3b). Probing the time at which c departs from unity 
in the middle of a sample, for different system sizes L, allows us to 
estimate the speed of propagation, as illustrated in Fig. 3c. In addi-
tion to a well-defined propagation speed v, it is evident that the dis-
turbance emanates from the vicinity of the edges, where y0 is the 
finite width of the edge at equilibrium (Fig. 3b).

Propagation speed
In the inset of Fig. 3c we show the non-trivial variation of v for 
quenches to different points in the phase diagram. It can be seen 
that v coincides with the maximum speed (in this case in the y 
direction) allowed by the band structure, where we measure speeds 
in units of at1/ħ. Depending on the final parameters, this is either 
the maximum speed permitted by the upper and lower bands, or the 

maximum of the relative band velocities, extremized over k-space. 
The latter is attributed to coherent particle–hole excitations fol-
lowing the quench, and the presence of the excited state projector 

̂ = − ̂Q Î P in the definition (3), yielding interference terms oscillating 
at the frequency of the bandgap Δ (k) =  E2(k) −  E1(k). Due to this 
interference, the associated propagation speed of the Chern marker 
can be larger than the individual band speeds (for example, if the 
bands have slopes with opposite signs) as shown in the inset of  
Fig. 3c. By contrast, the electrical charge density responds on a 
timescale corresponding to the maximum speed of the individual 
bands, as shown by the circles in the inset of Fig. 3c; the two-band 
interference region in the vicinity of φ′  =  π /2 is absent.

Topological marker currents
Further evidence for the propagation of Chern marker currents 
can also be obtained from the dynamics of c(r) close to the sample 
edges. For a finite-size sample with open boundaries, ∫ =c rr( )d 02  
at all times. A local Chern current Jc therefore exists, such that 

+ ∇ ⋅ =∂
∂ J 0c
t c . In integral form, the flux of the Chern current Fc out 

of a unit cell is given by

F ∮ ∫= ⋅ = − ∂
∂∂

c
t

rJ I: d d (4)
A A

c c
2

c c

where Ac and ∂ Ac are the area and perimeter of a unit cell. In Fig. 4a,  
we plot the right-hand side of equation (4), corresponding to the 
integrated flux of Jc through the perimeter of a unit cell as a function 
of time. We consider different spatial positions along a cut through 
the sample, as illustrated by the shaded grey region in Fig. 1a. The 
onset of a non-vanishing flux Fc occurs at later times with increasing 
distance from the boundaries. The associated propagation speed v 
can be extracted from a linear fit of the onset time versus distance, as 
shown in Fig. 4b. In the inset of Fig. 4b we plot v as a function of the 
initial parameters for a fixed final Hamiltonian. The extracted speed 
is approximately independent of the initial starting parameters, 
and agrees with the speed obtained through the analysis of Fig. 3.  
In this particular case, the speed v is consistent with the maximum 
value of ∣ − ∣v vk k( ) ( )y y

2 1  for the final band structure, which exceeds 
the maximum speed of each band separately. In Fig. 4c, we show the 
time evolution of the Chern marker at the mid-point of the bottom 
edge of the sample. Due to the propagation of Chern marker cur-
rents from the boundaries, the Chern marker approaches a steady-
state value that is close to (but not equal to) zero, corresponding to 
an excited state of the post-quench Hamiltonian. This steady state is 
ultimately destabilized due to the onset of finite-size effects.

Experiment
Although the definition of the Chern marker (2) may appear com-
plicated, its static and dynamic properties could be accessible in 
experiment. This could be done via measurements of the projection 
operator ̂P, as recently performed in photonic topological systems in 
a real-space basis47 and in gyroscopic systems48. The projector could 
also be measured using quantum gas microscopes49, based on recent 
proposals to extract the single-particle density matrix50. Explicitly, 
this can be seen by inserting a complete set of states ∑ ∣ ⟩ ⟨ ∣ =γ γ γr r Î,s s s

 
into equation (3), and noting that the matrix elements of the projec-
tor α β ′P

s s
 =  ⟨ ∣ ̂ ∣ ⟩α β ′r P r

s s
 =  ψ ψ∑ ⟨ ∣ ⟩ ⟨ ∣ ⟩α β< ′r rE E k kk F s s  are those of the 

single-particle density matrix. The evaluation of c(rα) follows, as 
∣ ⟩γr

s
 is a natural basis for the operators ̂x and ŷ. In equilibrium, the 

Chern marker is also related to the local magnetization51, allowing 
further possibilities for experimental investigation52.

Conclusions
In this work we have examined the equilibrium and non-equilibrium 
properties of the real-space Chern marker. In equilibrium, we have 
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Fig. 3 | Non-equilibrium dynamics. a, Time evolution of the Chern marker 
in the centre of a sample with L!= !31, following quenches from different 
points in the topological phase with M!= !− 1, − 0.5, 0, 0.5 and 1 to the non-
topological phase with M′ != !5, and φ!= !π /2 held fixed. The Chern marker 
remains quantized until a characteristic time t*, which is independent of the 
initial parameters. b, Spatial profile of c(r) along a cut corresponding to the 
shaded area in Fig. 1a, where y is the vertical distance from the horizontal 
boundary, as indicated in Fig. 1a. Explicitly, ℓ= ∕y a3 2 where ℓ counts the 
number of unit cells from the lower boundary, and a!= !1. The results are 
shown at times t!= !0 (solid line), 2.5 (dashed) and 5 (dotted), following a 
quench from M!= !0 to M′ != !5, with φ!= !π /2 held fixed. At t!= !0, the edge has 
a width y0!≈  !4.5 (shaded). As t increases, a wave-like disturbance in c(r) 
propagates into the interior. c, Dependence of t* on y, for L!= !11, 15, 19, 23 
and 27, for the quench considered in b. The linear fit yields a propagation 
speed v!≈  !4.06!± !0.77; the y intercept at y!≈  !4.4!± !2.0 is close to the initial 
width of the edge. Inset, variation of v with parameter φ′  of the final 
Hamiltonian, with M′ != !5 and initial parameters φ!= !π /2 and M!= !0. The 
speed v (crosses) corresponds to the maximum speed permitted by the 
final band structure; error bars indicate the s.d. of the linear fit. The speed v 
coincides with the maximum of k k= ∂ ∕ ∂v E k( ) ( )y

y1 1  (red), k k= ∂ ∕ ∂v E k( ) ( )y
y2 2  

(green) or k k∣ ∣−v v( ) ( )y y
2 1  (black), extremized over k-space, where E1(k) 

and E2(k) are the energies of the lower and upper bands, respectively 
(see main text). For comparison, we show the speed corresponding to the 
onset of charge density disturbances (circles) in the centre of the sample, 
corresponding to the extrema of kv ( )y

1  and kv ( )y
2 .
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∂c
∂t

= − ∇ ⋅ Jc

global conservation 

⇒ 

∑
α

c(rα) = 0

c(rα) = −
4π
Ac

Im ∑
s=A,B

⟨rαs
| ̂P ̂x(1̂ − ̂P) ̂y ̂P |rαs

⟩

∫ c(r) d2r = 0
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∑π ŷ= − ⟨ ∣ ̂ ̂ ̂ ̂ ∣ ⟩α α α
=

c
A

PxQ Pr r r( ) 4 Im (3)
s A Bc ,

s s

where Ac is the area of a real-space unit cell, ̂P is the projector onto 
the ground state, and ̂ = − ̂Q PÎ  is the complementary projector. The 
sum is over the two sublattice sites s =  A, B within the unit cell α, 
and ĉ∣ ⟩ = ∣ ⟩†r 0i i  is the state localized on the corresponding site 
i ≡  αs. Owing to the shortsightedness of ̂P for gapped phases36, the 
topological marker defined in equation (3) has a quasi-local char-
acter37,38; for Chern insulators, ̂P is exponentially localized in the 
gapped bulk, but has extended support along the sample bound-
aries. To orient the subsequent discussion, in Fig. 1b we show 
the phase diagram of the Haldane model (1) obtained from the 
real-space Chern marker (3) (see also ref. 33). The Chern marker 
clearly discriminates between the topological and non-topological 
phases33, in accordance with the phase diagram obtained from the 
low-energy Dirac theory34. In finite-size samples, the Chern marker 
averages to zero, but in the interior of the sample it nonetheless dis-
tinguishes between topological and non-topological phases33. For 
recent applications of the Chern marker in clean and disordered 
samples see refs. 39–43.

Critical properties
Inspection of the phase diagram in Fig. 1b highlights that, away 
from the phase boundaries, the local Chern marker is 0,± 1 within 
machine precision. However, in the vicinity of the transition, for 
finite-size samples, c is no longer quantized33. In Fig. 2a, we show the 
variation of the Chern marker as one passes between the topological 
and non-topological phases. It can be seen that the transition region 
narrows with increasing system size, suggesting a sharp discontinu-
ity in the thermodynamic limit. Assuming that the departure from 
quantization in the middle of the sample occurs when the bulk cor-
relation length ξ (or alternatively the edge penetration depth) is of 
order of half the system size, finite-size effects become relevant when 
ξ ≈  L/2. Further assuming that ξ ≈  (Δ M)−ν, where Δ M is the width of 
the transition region in Fig. 2a and ν is the correlation length expo-
nent, one expects that the width scales with the system size accord-
ing to Δ M ≈  L−1/ν. In the inset of Fig. 2a we confirm this dependence, 
with ν =  0.995(6) ≈  1. This is consistent with the correlation length 
exponent of the low-energy Dirac theory44. It is also compatible with 

the delocalization of the edge states into the interior of the sample 
on closing the gap. Replotting the data in Fig. 2a with the scaling 
form ξ~ ∕c f L( ) =  − ∕ν−f M M L(( ) )c  =  ∼ − ν∕f M M L(( ) )c

1  with 
ν =  1, shows that the data collapse onto a single curve (Fig. 2b). This 
confirms that the real-space Chern marker can be used to extract 
the critical behaviour of topological phase transitions, in a similar 
way to a local order parameter for conventional phase transitions. 
In contrast to approaches using the momentum-space Berry curva-
ture45,46, the present technique can be applied in non-translationally 
invariant settings.

Non-equilibrium dynamics
Having exposed the equilibrium properties of the Chern marker, we 
turn our attention to its non-equilibrium dynamics. Here, we focus 
on quantum quenches, where the system is prepared in the ground 
state ψ φ∣ ⟩M( , )0  of the initial Hamiltonian Ĥ φM( , ) at half-filling 
and, with a sudden change of the parameters to new values (M′ ,φ′ ),  
it evolves as Ĥ φ ψ φ− ∣ ⟩′ ′i M t Mexp[ ( , ) ] ( , )0 . The Chern marker is 
evaluated using equation (3) and the projector onto the time-evolv-
ing state40. In Fig. 3a we show the dynamics of the Chern marker, 
evaluated in the centre of a finite-size sample, following quenches 
for different starting points in the topological phase to a fixed 
parameter point in the non-topological phase. For these quenches, 
the Chern marker initially remains quantized, but it departs from 
quantization after a characteristic timescale t* that is indepen-
dent of the initial Hamiltonian parameters. As we shall discuss in 
more detail below, this timescale is consistent with a flow of Chern 
marker currents from the vicinity of the sample boundaries towards 
the interior. Evidence for the propagation of these currents can be 
seen in real-space plots of c(r) along a cut through the centre of the 
sample, as indicated by the grey shaded region in Fig. 1a. The Chern 
marker, which is initially negative near the sample boundaries  
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Fig. 1 | Lattice geometry and phase diagram. a, Lattice geometry of the 
Haldane model. We consider a diamond-shaped sample (light grey) with 
edges composed of L unit cells along primitive lattice vectors, and N!= !2L2 
sites. b, Density plot of the Chern marker (equation (3)) in the central 
cell (black outline) in a, with L!= !17. Dashed lines are phase boundaries 

φ= ±M 3 sin  of the Haldane model34 with t1!= !1, t2!= !1/3 and a!= !1.

1.4 1.6 Mc 1.8 2.0

M

0.0

0.5

1.0
a

b
c

Increasing L

−10 −5 0 5 10

(M − Mc)L
1/ν

0.0

0.5

1.0
c

2.7 3.0 3.3

logL

−1.2
−1.4
−1.6lo

g∆
M

Fig. 2 | Scaling of the Chern marker. a, Vertical slice through the phase 
diagram in Fig. 1b with φ!= !π /2, showing the variation of the local Chern 
marker in the centre of the sample as a function of M. The results 
smoothly interpolate between 1 and 0 in the vicinity of the topological 
phase transition. The different curves correspond to increasing system 
sizes L!= !15, 17, 19, 21, 23, 25, 27 and 29, as illustrated. The curves cross in 
a narrow region within 0.5% of =M 3c , the exact transition point of the 
Haldane model for the chosen parameters. The width Δ M of the transition 
region, corresponding to the interval from c!= !0.95 to c!= !0.05 (horizontal 
lines), scales as Δ M!≈ !L−1/ν. Inset, linear plot showing ν!= !0.995(6)!≈ !1. This 
is consistent with the correlation length exponent in the low-energy Dirac 
theory. b, Replotting the data in a as ∼ ν−c f M M L~(( ) )c

1/  with ν!= !1 yields 
scaling collapse.
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• Dynamics of Chern Insulators (2D)

• Dynamics of Topological Phases in 1D

• Topological Classification Out of Equilibrium
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  Dynamics of Topological Phases in 1D (Free Fermions)
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In 1D all topological invariants can be determined from 

Only quantized in the presence of symmetries

In 1D, topology must be protected by symmetry

CS1 =
1

2π ∫BZ
dk ⟨uk |∂kuk⟩

Equivalently:  Berry phase around the Brillouin zone (Zak phase)



  Example: Su-Schrieffer-Heeger Model
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Hk = − ( 0 J′� + Je−ika

J′� + Jeika 0 ) = − h(k) ⋅ σ

“Chiral” (sublattice) symmetry ⇒                     ⇒h = (hx, hy,0) hx + ihy = |h(k) |eiϕ(k)

CS1 = N/2

integer

2

�2

2

hx/J

hy/J

J 0 = 1.5 J
J 0 = 0.5 J

Is this topological invariant preserved out of equilibrium?

No… need to consider symmetries!

N =
1

2π ∫BZ

dϕ
dk

dk

⇒

winding number

Topological Insulators

[Hasan & Kane, RMP 2010]

Many generalizations when symmetries included:
“symmetry-protected” topological insulators/superconductors

– Time-reversal symmetry (non-magnetic material in = 0)

)3D bulk insulator with metallic 2D surfaces

– Su-Schrie↵er Heeger model

A B A B A B A B
0 0 0 0

H = �
✓

0 0 + e�i

0 + ei 0

◆
“chiral” symmetry

� H = �H �

)1D band insulator with gapless edge modes
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  Symmetry-Protected Topology Out of Equilibrium 
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[Max McGinley & NRC, PRL 2018]

• What if       respects the symmetry?

[“explicit symmetry breaking”]

Symmetry can still be broken!

• Anti-unitary symmetries 

Symmetry broken in the non-equilibrium state
[“dynamically induced symmetry breaking”]

Topological invariant time-varying even if symmetries respected!

𝒪e−iℋt𝒪−1 = e+iℋt
⟨𝒪Ψ, 𝒪Φ⟩ = ⟨Φ, Ψ⟩*[                               ]

ℋi

ℋf

ℋf

ℋf

•      breaks symmetry ⇒ topological “invariant” can vary

• Start in ground state of       then time evolve under 



  Time-Varying           : Physical Consequences
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[Max McGinley & NRC, PRL 2018]

• Directly measure via
d
dt

CS1(t) = j(t) = ·Q(t)

Example: quenches in a generalised SSH model

AIII: chiral symmetry only

BDI: time-reversal, particle-hole & chiral

[cf. Chern number    Hall conductance out of equilibrium]≠

CS1(t)

How can we define topology out of equilibrium?

• Could be observed in Bloch state tomography [cf. Chern number]



• Dynamics of Chern Insulators (2D)

• Dynamics of Topological Phases in 1D

• Topological Classification Out of Equilibrium

  Outline
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  Topological Classification Out Of Equilibrium
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[Max McGinley & NRC, PRL 2018]

• Equilibrium topological phase ⇒ gapless surface states

|Ψ(t)⟩ = ∑
i

e−λi |ψ i
L⟩ ⊗ |ψ i

R⟩
[Li & Haldane, PRL 2008]

Example: quenches in a generalised SSH model

⇒ meaningful topological classification out of equilibrium

AIII: chiral symmetry only

BDI: time-reversal, particle-hole & chiral

• Non-equilibrium topological state ⇒ gapless entanglement spectrum

Topological Classification Out of Equilibrium

Equilibrium topological state )gapless edge state

Non-equilibrium topological state )gapless entanglement spectrum

| ( )i =
X

�� | i ⌦ | i

Example: quenches in a generalized SSH model

BDI: time-reversal, particle-hole & chiral

AIII: chiral symmetry only

)Meaningful topological classification out of equilibrium

Nigel Cooper Cavendish Laboratory, University of Cambridge Controlling Quantum Matter: From Ultracold Atoms to Solids Humboldt Kolleg, Vilnius, 30 July 2018 Max McGinley & NRC, arXiv:1804.05756 .Topology of (1D) Quantum Systems Out of Equilibrium



  Generalization to Interacting SPT Phases
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[Max McGinley & NRC, PRL 2018]

Example: Haldane phase of a S=1 spin chain is an SPT phase that can be
protected by a variety of symmetries:

TRS only

TRS and dihedral

• Time-reversal symmetry (anti-unitary)

• Dihedral symmetry (unitary)

Anti-unitary symmetries lost dynamically



  Generalization to other Spatial Dimensions
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[Chiu, Teo, Schnyder & Ryu, RMP 2016]“Ten-fold way” for free fermions

[Time-reversal, particle-hole & chiral symmetries]

symmetries spatial dimension

discrete PH transformation, Ψ̂ → −iΨ̂c or −Ψ̂c. That is, if we
interpret Eq. (2.29) as a particle-number conserving system,
then Ûπ

Si ŜzÛ
−π
Si ¼ −Ŝz for i ¼ x, y can be viewed as a charge

conjugation Ĉ Q̂ Ĉ−1 ¼ −Q̂ . Observe that the π rotations Ûπ
Si

are examples of PH transformations which square to −1,
which is in contrast to the PH constraint of class D. For the
single-particle Hamiltonian H the π-rotation symmetries Ûπ

Si
lead to the condition

ρ2HTρ2 ¼ −H: ð2:34Þ

The ensemble of Hamiltonians satisfying this condition is
called symmetry class C. We note that for quadratic
Hamiltonians the π-rotation symmetry constrains of Ûπ

Si
actually correspond to a full SUð2Þ spin-rotation symmetry.
This is because for an arbitrary SUð2Þ rotation around Sx or
Sy, the Hamiltonian Ĥ is transformed into a superposition of
Ψ̂†HΨ̂ and its conjugate Ψ̂c†HΨ̂c [i.e., Ĥ → αΨ̂†HΨ̂þ
ð1 − αÞΨ̂c†HΨ̂c, for some α], since Ψ̂†HΨ̂c ¼ Ψ̂c†HΨ̂ ¼ 0.
It follows from Ψ̂†HΨ̂ ¼ Ψ̂c†HΨ̂c together with the Sz
invariance that the BdG Hamiltonian is fully invariant under
SUð2Þ spin-rotation symmetry.
Finally, imposing TRS (2.31) in addition to Sz conservation

leads to Ψ̂†HΨ̂ → Ψ̂Tρ2H%ρ2ðΨ̂†ÞT ¼ −Ψ̂†ρ2H†ρ2Ψ̂ ¼ Ĥ,
i.e., ρ2H†ρ2 ¼ −H. Combined with PHS (2.34), this gives
the conditions

ρ2HTρ2 ¼ −H; H% ¼ H; ð2:35Þ

which defines symmetry class CI.

E. Symmetry classes of tenfold way

Let us now discuss a general symmetry classification of
single-particle Hamiltonians in terms of nonunitary sym-
metries. Note that unitary symmetries, which commute with
the Hamiltonian, allow us to bring the Hamiltonian into a
block diagonal form. Here our aim is to classify the symmetry
properties of these irreducible blocks, which do not exhibit
any unitary symmetries. So far we have considered the
following set of discrete symmetries:

T−1HT ¼ H; T ¼ UTK; UTU%
T ¼ & 1;

C−1HC ¼ −H; C ¼ UCK; UCU%
C ¼ & 1;

S−1HS ¼ −H; S ¼ US; U2
S ¼ 1; ð2:36Þ

where K is the complex conjugation operator. As it turns out,
this set of symmetries is exhaustive. That is, without loss
of generality we may assume that there is only a single TRS
with operator T and a single PHS with operator C. If the
Hamiltonian H was invariant under, say, two PH operations
C1 and C2, then the composition C1 · C2 of these two
symmetries would be a unitary symmetry of the single-particle
Hamiltonian H, i.e., the product UC1

· U%
C2

would commute
with H. Hence, it would be possible to bring H into block

form, such thatUC1
· U%

C2
is a constant on each block. Thus, on

each block UC1
and UC2

would be trivially related to each
other, and therefore it would be sufficient to consider only one
of the two PH operations. The product T · C, however,
corresponds to a unitary symmetry operation for the single-
particle Hamiltonian H. But in this case, the unitary matrix
UT ·U%

C does not commute, but anticommutes with H.
Therefore, T · C does not represent an “ordinary” unitary
symmetry of H. This is the reason why we need to consider
the product T · C [i.e., chiral symmetry S in Eq. (2.36)] as an
additional crucial ingredient for the classification of the
irreducible blocks, besides TR and PH symmetries.
Now it is easy to see that there are only ten possible ways

for how a Hamiltonian H can transform under the general
nonunitary symmetries (2.36). First we observe that there are
three different possibilities for how H can transform under
TRS (T): (i) H is not TR invariant, which we denote by T ¼ 0
in Table I; (ii) the Hamiltonian is TR invariant and the TR
operator T squares toþ1, in which case we write T ¼ þ1; and
(iii) H is symmetric under TR and T squares to −1, which we
denote by T ¼ −1. Similarly, there are three possible ways
for how the Hamiltonian H can transform under PHS with
PH operator C (again, C can square to þ1 or −1). For these
three possibilities we write C ¼ 0, þ1, −1. Hence, there are
3 × 3 ¼ 9 possibilities for how H can transform under both
TRS and PHS. These are not yet all ten cases, since it is also
necessary to consider the behavior of the Hamiltonian under
the product S ¼ T · C. A moment’s thought shows that for
eight of the nine possibilities the presence or absence of
S ¼ T · C is fully determined by howH transforms under TRS
and PHS. (We write S ¼ 0 if S is not a symmetry of the
Hamiltonian, and S ¼ 1 if it is.) But in the case where both
TRS and PHS are absent, there exists the extra possibility
that S is still conserved, i.e., either S ¼ 0 or S ¼ 1 is possible.
This then yields ð3 × 3 − 1Þ þ 2 ¼ 10 possible behaviors of
the Hamiltonian.

TABLE I. Periodic table of topological insulators and supercon-
ductors; δ ≔ d − D , where d is the space dimension and D þ 1 is the
codimension of defects; the leftmost column (A;AIII;…;CI) denotes
the ten symmetry classes of fermionic Hamiltonians, which are
characterized by the presence or absence of time-reversal (T),
particle-hole (C), and chiral (S) symmetries of different types denoted
by & 1. The entriesZ,Z2, 2Z, and 0 represent the presence or absence
of nontrivial topological insulators or superconductors or topological
defects, and when they exist, types of these states. The case of D ¼ 0
(i.e., δ ¼ d) corresponds to the tenfold classification of gapped bulk
topological insulators and superconductors.

δ
Class T C S 0 1 2 3 4 5 6 7

A 0 0 0 Z 0 Z 0 Z 0 Z 0
AIII 0 0 1 0 Z 0 Z 0 Z 0 Z

AI þ 0 0 Z 0 0 0 2Z 0 Z2 Z2

BDI þ þ 1 Z2 Z 0 0 0 2Z 0 Z2

D 0 þ 0 Z2 Z2 Z 0 0 0 2Z 0
DIII − þ 1 0 Z2 Z2 Z 0 0 0 2Z
AII − 0 0 2Z 0 Z2 Z2 Z 0 0 0
CII − − 1 0 2Z 0 Z2 Z2 Z 0 0
C 0 − 0 0 0 2Z 0 Z2 Z2 Z 0
CI þ − 1 0 0 0 2Z 0 Z2 Z2 Z
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[Chiu, Teo, Schnyder & Ryu, RMP 2016]“Ten-fold way” for free fermions

[Time-reversal, particle-hole & chiral symmetries]

Non-Equilibrium Classification [Max McGinley & NRC, arXiv:1811.00889]

  Topological Classification Out Of Equilibrium
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Class Symmetries Spatial dimension d
T C S 0 1 2 3 4 5 6 7

A 0 0 0 Z 0 Z 0 Z 0 Z 0
AIII 0 0 1 0 Z ! 0 0 Z ! 0 0 Z ! 0 0 Z ! 0
AI + 0 0 Z 0 0 0 2Z 0 Z2 ! 0 Z2 ! 0
BDI + + 1 Z2 Z ! Z2 0 0 0 2Z ! 0 0 Z2 ! 0
D 0 + 0 Z2 Z2 Z 0 0 0 2Z 0
DIII � + 1 0 Z2 ! 0 Z2 ! 0 Z ! 0 0 0 0 2Z ! 0
AII � 0 0 2Z 0 Z2 ! 0 Z2 ! 0 Z 0 0 0
CII � � 1 0 2Z ! 0 0 Z2 ! 0 Z2 Z ! Z2 0 0
C 0 � 0 0 0 2Z 0 Z2 Z2 Z 0
CI + � 1 0 0 0 2Z ! 0 0 Z2 ! 0 Z2 ! 0 Z ! 0

Even primary (IVB1) Even descendants (IVB2) Odd primary (IVB3) Odd descendants (IVB4) 2Z series (IVB5)

TABLE II. Classification of topological insulators out of equilibrium. The non-equilibrium classification describes the set of
topological classes which remain distinct after time evolution under a Hamiltonian possessing the set of symmetries in question,
as outlined in Section III. The ten symmetry classes of the ten-fold way are listed on the left, and defined by the presence (+,�,
1) or absence (0) of time-reversal (T), particle-hole (C), and chiral (S) symmetries [13, 36]. For each symmetry class and spatial
dimension d, the equilibrium and non-equilibrium classifications are given. A single entry indicates that the classification does
not change out of equilibrium, whilst the notation G1 ! G2 indicates that the classification changes from G1 in equilibrium to
G2 out of equilibrium. The di↵erent series of the classification are coloured as described in the main text, and the references
to the discussions of each series are given below the table. Systems in dimension d > 7 have the same classification as the
corresponding system in (d� 8) dimensions (Bott periodicity).

which is characterized by the second Chern number Ch2.
Because the reference Hamiltonian ⇢ref is ~k-independent,
we can contract the subregions ✓ = ±⇡ to a single point,
and so the higher dimensional momentum space is a ‘sus-
pension’ ⌃(BZ), as illustrated in Figure 2.

Following Teo and Kane [37], one can show that the
super-TRS condition (3) forces the contributions to Ch2
for ✓ > 0 and ✓ < 0 to be equal, and so we need only
consider one hemisphere, which we call ⌃N (BZ). The
Chern form ch2 can be written as a total derivative of
a 3-form called the Chern-Simons form ch2 = dQ3 [14],
and so the integral over ✓ > 0 can be computed as a
surface integral on the boundary ✓ = 0, i.e. the physical
BZ. We then have

Ch2 = 2

Z

⌃N (BZ)

ch2 = 2

Z

BZ

Q3 =: 2CS3, (4)

where CS3 is the Chern-Simons (CS) invariant, which is
entirely determined by the physical system at ✓ = 0.

The CS invariant is gauge invariant only up to an inte-
ger. This gauge dependence reflects the fact that di↵er-
ent embeddings of ⇢(A)(~k) in 4D can yield Chern num-
bers that di↵er by an even integer. Ch2 mod 2 defines
a Z2-valued topological invariant which can characterize
the 3D system unambiguously – this relates the first de-
scendant (3D) to the primary series (4D) in class AII. A
similar construction is also possible for the second descen-
dants, which are classified by the Fu-Kane (FK) invariant
[38]

FKd=2n =

Z

BZ1/2

chn �
Z

@BZ1/2

Q2n�1, (5)

where BZ1/2 is the half of the BZ where one of the mo-
menta 0  ki < ⇡, and @BZ1/2 is its boundary. To

✓ = 0

✓ = +⇡

✓ = �⇡

⌃N (BZ)

⌃S(BZ)

⇢ref

⇢ref

BZ

FIG. 2. The physical Brillouin zone (BZ) as the equator of
a higher dimensional momentum space ⌃(BZ) parametrized

by (~k, ✓). At the poles ✓ = ±⇡, the BZ is contracted to

a point, representing the ~k-independent reference state. We
also identify the two poles, ensuring periodicity in ✓.

avoid ambiguity, this quantity must be calculated in a
particular gauge that is specified by the TRS (or PHS)
symmetry operator.

2. Chiral classes

Systems with only Chiral symmetry (class AIII) in odd
dimensions also inherit their topology from a higher di-
mensional insulator in a similar way. The procedure is
slightly di↵erent to the above, in that the higher dimen-



• Preparation of topological states

  Physical Consequences of Non-Equilibrium Classification
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⇒ Adiabatic mixing of Kramers pairs under braiding [Wölms, Stern & Flensberg, PRL 2014]

Retrieval of quantum information 
via “recovery fidelity”
[Mazza, Rizzi, Lukin & Cirac, PRB 2013]

• Stability of “topologically protected” boundary modes

⇒ Decoherence of Majorana qubit memories due to noise

∼ L /𝗏         short compared to the inverse level spacing
⇒ States with non-trivial index cannot be prepared on timescales

[Max McGinley & NRC, arXiv:1811.00889]

16

FIG. 6. Decoherence of Majorana qubit memories due to tem-
poral noise, as witnessed by the recovery fidelity [Eq. (18)].
We compare three systems in d = 1 [with Hamiltonians
given in Eq. (17)], in symmetry classes DIII and BDI – these
have entries Z2 ! 0 and Z ! Z2, respectively, in the non-
equilibrium classification (Table II), indicating that the topol-
ogy of models. Accordingly, the topology of models (17a) and
(17c) is unstable out of equilibrium. This is reflected in the
fidelity of storage in the associated Majorana modes when
local Lorentzian (TRS) noise is present: The fidelity for the
stable model (17b) saturates at a constant value, indicating
the preservation of the qubit, whereas the initial state infor-
mation stored in the unstable models decays away completely,
indicating that there is no measurement which can be made
to extract the initial qubit state.

of extracting the qubit in these cases where the system
topology is destroyed by non-equilibrium e↵ects.

Simple arguments can be applied to estimate the rate
at which the fidelity decays in Figure 6. We are generally
working in the regime where Emaj ⌧ V, T�1 ⌧ Egap,
where Emaj is the energy of splitting of the Majoranas
(exponentially small in the system size), V ⇠

p
h⌘(t)2i

characterizes the energy scale of the noise term, T ⇠ ��1

is the time scale over which the signal fluctuates, and
Egap is the energy gap of the system. In such a regime,
the degenerate adiabatic theorem applies, as described in
Section VIB (this is independent of the ratio of V and
T�1). As such, all mixing e↵ects are purely geometric
since any dynamical phases within the low-energy sub-
space are on the order of Emaj. For small V , the depen-
dence of the Berry curvature on the instantaneous value
of ~⌘(t) can be neglected [63], so that the angle of mixing
between two Majoranas after a time t is ✓(t) ⇠ ⌦A(t),
where A(t) is the signed area swept out by the ~⌘ vec-
tor over a time t. Clearly, if we only have one noise
source, Dim ~⌘ = 1, then this area is identically zero – this
is why we included two (uncorrelated) noise sources in
the above. With multiple noise channels, the root mean
square area is roughly

p
hA(t)2i ⇠ V 2(t/T ). Therefore

at short times, the mean-square angle of mixing grows
with time as

p
h✓(t)2i ⇠ ⌦V 2t�. The Berry curvature

will be on the order of the inverse square of the energy
scale of the Hamiltonian ⇠ E�2

gap
. Hence the timescale

over which the Majoranas mix is ⌧d ⇠ E2

gap
V �2��1. Af-

ter averaging over the noise, this leads to a decoherence
in the fidelity as e�t/⌧d .
Although the above arguments are specific to 0D edge

modes, wherein a degenerate adiabatic approximation
can be reliably applied, we expect that the relationship
between the non-equilibrium destruction of bulk topol-
ogy listed in Table II and the instability of edge modes
against temporal fluctuations should hold generally, and
in particular be observable in transport signatures.

VII. CONCLUSION

We have developed a formalism by which the topologi-
cal properties of pure many-body wavefunctions far from
equilibrium can be understood. Importantly, we show
that such systems possess a non-equilibrium topological
classification which can di↵er from that in equilibrium.
This approach was applied to non-interacting fermionic
systems under the ‘ten-fold way’ in arbitrary spatial di-
mension, which led to our central result, Table II. Ro-
bustness to disorder and weak interactions are naturally
incorporated in our results, as is familiar from equilib-
rium topology. The results can be understood using two
complementary perspectives: one in terms of bulk prop-
erties and one in terms of boundary theories, the latter of
which can be probed using the entanglement spectrum.
The physical implications of our results were discussed,
and we demonstrated that our classification correctly pre-
dicts which topological zero-energy modes are unstable
to external fluctuating perturbations. This naturally has
consequences for the usage of such zero-modes as a topo-
logical qubit memory.
Recent results on 1D spin chains [22] also indicate that

non-equilibrium classifications could be constructed for
wider classes of systems that feature strong interactions
and/or spatial symmetries. Additionally, understanding
further implications of our classification for experimen-
tally relevant settings remains an important challenge.
In analogy to our results on decoherence of zero-energy
bound states, we expect that the e↵ect of external time-
dependent perturbations on bulk and edge mode trans-
port signatures, such as those studied in Ref. [64] will be
directly linked with our non-equilibrium classification.
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• There exists a topological classification of non-equilibrium quantum states, 
which differs from that at equilibrium:                                                    
⇒ bulk-boundary correspondence applies to the entanglement spectrum.

• For 2D systems, the Chern number is preserved under unitary dynamics. 
However, there can be a spatial flow of the local Chern marker.

• More generally, topological “invariants” can vary in time

  Summary
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⇒ in 1D such variations appear as a current

⇒ no obstruction to changing the topology of the state dynamically

⇒ sensitivity of “topologically protected” degrees of freedom to noise

[holds also for interacting and disordered systems]


