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We report a variational and diffusion quantum Monte Carlo study of sodium. Pseudopotentials are used to
represent the ion cores, and core-valence correlation effects are included by using a core polarization potential.
When the core polarization potential is included we obtain an excellent value for the first ionization energy of
the atom and a good value for the cohesive energy of the solid. Variational calculations of the occupied
bandwidth give larger values than experiment, in agreement with recent sophisticated many-body calculations.
Including the core polarization potential narrows the bandwidth slightly.
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I. INTRODUCTION II. DESCRIPTION OF THE CALCULATIONS

. . . A. VMC and DMC methods
Variational and diffusion quantum Monte Car[¢y MC

and DMO methods have been used to study both insulating !N the VMC method the energy is calculated as the expec-
and metallic solids. There have been rather few studies of tation value of the Hamiltonian with an approximate many-
metals other than the jellium model, probably because th&0ody trial wave function, the integrals being performed by a
finite size effects are larger in metals than in insulators. It iglonte Carlo method. The trial wave function normally con-
therefore of significance to establish the accuracy of thdains a number of variable parameters, whose values are ob-
VMC and DMC methods for a real metal. tained by an optimization procedure.

Here we report calculations of the ionization energy of the The DMC approach is a stochastic method for evolving a
sodium atom and the cohesive energy, the occupied banavave function according to the imaginarytime Safinger
width and the pair correlation functiof®CF$ of solid so-  equationt Exact imaginary-time evolution would lead to the
dium. It is often thought that the valence electrons in sodiunexact fermion ground state wave function, provided it has a
metal are well represented by the jellium model, but in factnonzero overlap with the initial fermion state. However, the
there are significant differences due to the lattice potentiastochastic evolution is never exact and the solution con-
and the dynamical polarizability of the core electrons. Hereverges to the bosonic ground state. In DMC calculations the
we include the effects of the lattice potential via relativistic fermionic symmetry is maintained by the fixed-node
Hartree-FockHF) pseudopotentials, and the polarizability of approximatior?,in which the nodal surface of the wave func-
the cores is described by a core polarization potef@&P.  tion is constrained to equal that of a guiding wave function.
To our knowledge, this work represents the first use of CPP3ypically the guiding wave function is taken to be the opti-
in quantum Monte CarlgQMC) calculations for a periodic mized trial wave function used in a VMC calculation. The
system. fixed-node DMC energy provides a variational upper bound

The cohesive energy of sodium is well established experien the ground state energy with an error that is second order
mentally, but the size of the occupied bandwidth of alkaliin the error in the nodal surfaéé.
metals, particularly sodium, has been the subject of much The fixed-node constraint also allows the study of excited
controversy. The discrepancy between the experimental vabtates. The DMC algorithm converges to the lowest energy
ues for the occupied bandwidthof 2.5-2.65 eV and the state consistent with the fixed nodal surface. If the fixed
value of 3.6 eV obtained in recent sophisticated many-bodyodal surface is exactly that of an eigenstate the DMC algo-
perturbation theory calculatiohs remarkably large. In this rithm gives the exact energy of that state. If we use a guiding
paper we address the issues of the effects of the lattice pevave function whose nodal surface approximates that of an
tential, the polarizability of the core, and the electron-excited state then the DMC energy will normally be a good
electron interaction on the bandwidth of sodium. approximation to the energy of the excited state. However,

The plan of this paper is as follows. In Sec. Il we describefor excited states, the existence of a variational principle is
the calculational methods, including the implementation ofdependent upon the symmetry of the guiding wave function.
CPPs within periodic boundary conditions and the method The trial and guiding wave functions introduce impor-
for evaluating PCFs. In Sec. Il we present and discuss thé&ance sampling and control both the statistical efficiency and
results for the atomic and solid energies, Sec. IV deals witlihe final accuracy that can be obtained. In the DMC method
the valence bandwidth, and Sec. V covers the PCF resultshe final accuracy depends only on the nodal surface of the
We draw our conclusions in Sec. VI. guiding wave function via the fixed-node approximation,
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while in the VMC method the final accuracy depends on the QMC calculations for solids use finite simulation cells
entire trial wave function, so that VMC energies are moresubject to periodic boundary conditions, which inevitably in-
sensitive to the quality of the approximate wave functiontroduces finite size errors. We used the symmetric set of bcc

than DMC energies. primitive translation vectors,%,—3)a, (3,—%,3)a, and
(—%.,%,3)a, and to form the different simulation cells we
B. Trial/guiding wave functions multiplied each of the primitive translation vectors by 2, 4, 6,

7, or 8, giving simulation cells containing 8, 64, 216, 343,

We h trial idi functi f th )
e have used trial and guiding wave functions o eand 512 atoms, respectively.

standard Slater-Jastrow form,
\I’(R)=eJ(R)DT(r1, o 1rNI)D1(rNT+l1 o), (@ D. “Open shell” problem

In a metallic system at zero temperature the total number
where there aré electrons of whictN; are up-spin andN  of orbitals below the Fermi should coincide with the number
—N; are down-spinR=(ry, ... ry) denotes the spatial co- of electrons in the simulation cell. One would like to fill all
ordinates of all the electrons, aed® is the Jastrow corre- degenerate orbitals, creating a “closed-shell” configuration,
lation factor. The Slater determinant®,,, were formed which guarantees that the charge density has the correct sym-
from single-particle orbitals obtained from density functionalmetry. However, in many cases the number of electrons and
theory calculations using therysTAL98 Gaussian basis set orbitals do not match and one has to use an “open shell”
code? For these calculations we used the Perdew-Burkeconfiguration. This problem is solved within mean-field cal-
Ernzerhof[PBE] (Ref. 10 generalized gradient approxima- culations by using fractional occupations. In many-body cal-
tion for the exchange and correlation energy. Our Gaussiafulations one could use a multi-determinant wave function to
basis consisted of three uncontracgefiinctions with expo-  achieve a similar result, but this is inconvenient. Open shells
nents 1.7974, 0.5676, and 0.053 a.u., and two uncontractedcan always be avoided in many-body calculations for the
functions with exponents 0.3795 and 0.0512 a.u. Thé Na homogeneous electron gdsEG) by filling complete shells
ions were described by relativistic Hartree-Fock and adjusting the size of the simulation cell to give the cor-

A rij
J(R)=—§j |E 1—exp(—F)

pseudopotentials, because they have been shown to giverect density. However, for a real metal there is less freedom
better results than density functional theof®FT) ones to adjust the cell size as it must consist of an integer number
when used within QMC calculatiotfsand because CPPs are of primitive cells, and if a single determinant is to be used
devised for use with Hartree-Fock pseudopotentials. Th@ne may be forced to use an open shell configuration.
nonlocal pseudopotential energy was evaluated within the DMC calculations require the use of real wave functions.
locality approximatiort3 All of the QMC calculations were We construct these by forming real orbitals from the degen-
performed using theAsiNo codel* erate complex Bloch orbitals as, = (1//2)[ ¢x+ ¢} ] and
Jastrow factors take the form ¢d_=(1hi \/E)[¢k—¢f§], as described in Appendix A. The
up- and down-spin determinants can be partitioned into
ri2j closed and open shell parts. The closed shell parts can be
exp — — | +Su(ryj) written in terms of the real orbitalsp, and ¢_, as the
Lo Bloch orbitals atk and —k are both occupied. For the open
shell parts we simply use the appropriate number ofghe
- 2 S,(ry)), (2 and ¢ _ orbitals. For the largest cell containing 512 electrons
L it is not possible to choose a closed shell configuration, and
where the indicesandj denote electrons arlddenotes ions. Lhere are two holes n the_ outermost shell. we clhoose these
F is chosen so that the cusp conditiShare obeyed, i.e., oles to be of opp_osne spin and mcl_ude the requwed number
- _ of ¢, and ¢ _ orbitals. When there is only a single hole of
Fi1=2A andFy = VA, ands, ands, are cuspless. We each spin type the HF energy expectation value can be
choosel =0.3L s, So that the first term in Eq2) is effec- pin typ gy expe
tively zeoro at the shortest distance to the surface of th shown to be mdependem of which orbitals are selected_, even
Wigner-Seitz cell | S, andsS, are expressed as polyno- ?hough the charge density may depend on the selectlpn. In
mial expansions ’ir\ﬁﬁe 1inter—particle distances. We used M.C calculations the energy can depend on the selection of
total of 11 variable parameters in the Jastrow factor whose rbitals but we expect this effect to be Sma”' : .
optimal values were obtained by minimizing the variance of Rgcent QM.C tests of oper shel conflgurathns of solid
the energy®’ aluminum at flxed. system sifefound energy differences
' between different fillings of the states of less than 0.1 eV per
atom. A study as a function of system size indicated reason-
C. Simulation cells able convergence after correction for finite size effects, but
At very low temperatures sodium crystallizes in a struc-the range of system sizes studied was insufficient to draw
ture which consists of close-packed layers, probably in thdifMm conclusions on this point.
9R stacking®® but at 35 K it undergoes a martensitic transi-
tion to the body-centered cubibco structure, which we
study here. We use the experimental value of the cubic lattice It is consistent to use CPPs with HF pseudopotentials to
constant of sodium at 78 K af=4.235 A (8.003 a.u).° account for the core-valence correlation effects and the static

E. Core polarization potential
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polarization effects due to the other ions in the system. As, to . R r r
our knowledge, this paper reports the first use of CPPs in F,=—E %ZJ—FZ —gf - , 7
QMC calculations for extended systems we devote some 71 Ry, ST

space to describing our implementation for systems with pe- , )
riodic boundary conditions. andl 5= 2 is the maximum angular momentum. If there are

In the CPP approximation the polarization of a particularN €lectrons and ions then direct evaluation of E). re-

3 . . .
core is determined by the electric field at the nucleus. Th&U!'es O(N°) operations while Eq(6) can be evaluated in
electric field acting on the ion core B} due to the otherions O(N°) operations, which is the same order as for the other

atR, and the electrons at is* interaction terms. .
J ¢ We use the cutoff functidd?®

R i
F=- 274> O 3 f(0=(1—e )2, (®)
# Ry, I

For sodium only thes andp channels are significant and, for
simplicity, in these calculations we have chosen to rggt

=rq=r,=r;=1.0307 a.u., which is the radius for tte
channel given by Shirley and Martfi,and we usedq,

whereR;=R;—R,, rj=r;—R, andZ; is the charge of ion
J. The CPP energy operator is then

1
chpz—i > a|F |3 (4 =0.9776 a.u., as given in the same paper. When only a
! single CPP radius is used the second term in(Byis zero.
whereq, is the dipole polarizability of coré. For periodic systems the electric fielffs are evaluated di-

Equation (3) assumes a classical description which isrectly from the analytic first derivatives of the Ewald poten-
valid when the valence electrons are far from the cores antlal. The additional computational cost of calculating the CPP
the cores are far from each another. When a valence electr@nergy is small because many of the quantities involved must
penetrates the core the classical result is a very poor approx#so be evaluated for the electron-electron and electron-ion
mation, diverging at the nucleus. To remove this unphysicainteraction energies.
behavior each contribution to the electric field in Eg) is

multiplied by a cutoff functionf(r;, /r_,), Wherer_, is a pa- F. Model periodic Coulomb interaction
rameter, which tends to unity at largg . A further possible The model periodic CoulombMPC) interactioR®26

mo.dn‘lcatlon Is to allow the fne-electron term in Ha), was introduced into QMC calculations within periodic
which takes the form-«, /(2r;;), to depend on tﬂe angular boundary conditions to reduce finite size effects arising
momentum component, and replace the factar, in the  from the use of the Ewald interaction to model the Coulomb
cutoff function by an angular momentum dependent paraminteraction. The interaction energy can be divided into
eter,r,, . With these modifications the CPP energy operatoHartree and exchange-correlation terms. The basic¢id&a
becomes of the MPC interaction is that the Ewald interaction
introduces an error because the interaction of an electron
(r“ ) 2 with its exchange-correlation hole is not las it would be
P in an infinite system. In the MPC formulation each electron
interacts with its exchange-correlation hole via the Cbu-
lomb potential, while the Hartree energy is evaluated
using the Ewald interaction. In this study we use the MPC
and Ewald interactions to test whether the Coulomb finite
size effects are significant. When the difference between
the energies calculated with the MPC and Ewald interactions
’ is negligible we assume that the simulation cell is sufficiently
large that the Coulomb finite size effects are negligible.
(5 Our implementation of the MPC interaction, which has
not been described in the literature before, is summarized in

where P, is the projector onto théth angular momentum

X . X Appendix B.
component of théth electron with respect to thigh ion.
For efficient evaluation we rewrite E¢5) as ) ) )
G. Pair correlation functions
1 — 1 1 The PCF can be written as
Veprm — 5 2 eyl Fi12+5 2 a.Z -
29 29 T
p(X,x")
Imax r: 2 r 2 g(X,X,):—’, (9)
x> LH =] -] |By, () neON(x’)
=0 r M

wherex denotes the spatial and spin components.Nrelec-
where tronsp is
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J [W(X1,X0, - .. Xn)|28(X—Xq) 8(X' —Xp)dXq, . . . ,dXy
p(X,X")=N(N—1) (10

f |W(X1,Xp, ... Xp)|20Xq, . .. dXy

Calculating the full six-dimensional functign(x,x’) is very ~ gave energies within error bars of the numerical integration

costly, although it has been done within VMC values. Our value of the additional binding energy arising

calculations’”?® It is less costly to calculate the PCF with from the CPP of 0.177 eV is in excellent agreement with the

one of the electron coordinates fixed at some chosen pointalue of 0.17 eV given in Ref. 23, and our ionization energy

Fixing the position of a spin-up electronmgg , the PCF can including the CPP is in excellent agreement with the experi-
be written as mental value of 5.14 e¥

We calculated the energies for the solid using 8-, 64-,

Por(FiTi) NNl ,Ny—41) 216-, and 512-atom simulation cells, using both the Ewald

9o1(FFix) = No(NN; () n,(r) » (D and MPC interactions and the VMC and DMC methods, both

with and without the CPP. The fraction of the total correla-

wheren,(r;r,N,— 8,) is the charge density of thl,  tion energy described by the Jastrow function can be mea-
— 8,1 spino electrons whose positions are not fixed, calcu-gyred by the quantity

lated with a spin-up electron fixed g, . The calculation of

the PCF can therefore be reduced to evaluating the charge gSlater_ gSlater-J

. . . .. e VMC VMC
densities with and without fixing the position of an electron. i rr— (14
This algorithm gives the correct PCF within both VMC and Evmc — Epmc

DMC approaches. whereESA®™J andESA®" denote the VMC energies with and

We have calculated the parallel and anti-parallel spin, . ; ;
PCFs for sodium with the electron fixed half-way betweerr}ggcv?; ti:(]:(raeiizt(;owitf# nsf:;lstighre;ggct;;/sg '&%Z f%urn(ejigt(g?t

two nearest neighbor atoms. The PCFs were accumulated Boms to 90 B1)% with 64 atoms to 93(&)% (216 atoms
reciprocal space. These calculations give a good descriptio%d finally to 93.83)% for our largest cell containing 512

of the overall shape of the PCFs, and show that they Ar%toms. This indicates that the quality of our Jastrow factors

almps_t Sphef'ca”y symmetric fdr—rfi?<|<~8 a.u., but the Wslowly increases with system size although no discernible
statistical noise makes detailed studies extremely costly. provement is obtained beyond 216 atoms. This behavior is

therefore decided to study the spherical averages of the PC at least partly due to our procedure of cutting off the Jastrow

about. the point. The PCF of Eq(11) can be written in factor smoothly at the shortest distance to the surface of the
spherical polar coordinates, Wigner-Seitz cellsee Eq(2)].
N Figure 1 shows the system size dependence of the VMC
901 (1 F) =901 (R, 60, 6), (12 and DMC ground state energies calculated using both the
whereR=|r—ry,|. The spherical average abayy, is then MPC and Ewald interactions, with and without the CPP, plot-
ted as a function of N, whereN is the number of atoms in

— 1
go’T(R!rfiX): EJ gUT(R,H,QZS)dQ T T T

57 3

_ 1 No Qo S(R=[rj—rexl) 13 3 3

A7R?\ =1 n,(r;) >-59¢ :

Note the appearance of the weighting function,t;) in a ] f

EqQ. (13). The parallel and anti-parallel spin PCFs were accu- -6.1¢ E

mulated in real space by collecting in radial bins of width 3 ]
Ar=0.56 a.u. -6.3

0 0.005 0.01 0.015 0.02

1/N
Ill. ENERGIES OF THE ATOM AND SOLID

) ) . FIG. 1. VMC and DMC energie&V per atom as a function of
As the pseudoatom contains only a singlelectron its )y \whereN is the number of atoms in the simulation cell. Open

energy can be calculated by a numerical integration on @ymiols denote results obtained with the MPC interaction and filled
radial grid, which gave an ionization energy of 4.972 eV symbols denote those obtained with the Ewald interaction. Results
without the CPP and 5.149 eV including the CPP. As ajth the CPP are denoted by circles and diamonds and those with-
simple check we also calculated the atomic energies withiut the CPP are denoted by triangles and squares. DMC results are
VMC and DMC approaches using the orbital from the nu-denoted by filled triangles, open circles, open squares, and filled
merical integration as the trial/guiding wave function, which diamonds, while the other symbols denote VMC resullts.
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TABLE I. The DMC energies obtained using the Ewald interac-
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TABLE Il. Data for the cohesive energy of sodium. All values

tion, with and without the CPP, and the PB&point correction contain a correction for the zero-point energy of the soliEgfe

AEpge=Epge(®) —Epge(N), as a function of the number of at- =0.0145 eV per atom.

oms in the simulation cellN. All energies are in eV per atom.

Cohesive energ{eV)

Source

N DMC energy(with CPB  DMC energy(no CPB  AEpge

1.13 ExperimentRef. 32
8 —5.51(3) —5.4652) —0.923 0.94378) VMC without CPP
64 -6.1601) —5.9583) 0.228 0.96948) VMC with CPP
216 —6.20427) —5.99448) 0.201 0.991G5) DMC without CPP
512 —6.23193) —6.02415) 0.061 1.02213) DMC with CPP
1.20 LDA
_ , _ _ _ 1.04 PBE
the simulation cell. We incorporatddpoint corrections ob- 0.72 BLYP

tained by taking the difference between PBE energies calcu-
lated for the actual simulation cells and for extremely large

cells. These are essentially corrections for the kinetic energ@MC result is the DMC calculation with the CPP, which
The numerical values of the uncorrected DMC energies, witlgives a cohesive energy in good agreement with experiment.
and without the CPP, and tlkepoint corrections, are givenin The VMC cohesive energies are slightly smaller than the
Table I. The very close agreement between the Ewald anBMC ones. This is expected because the VMC and DMC
MPC energies for the 216- and 512-atom systems shows thafomic energies are essentially equal and exact, while the

the Coulomb finite size effects are small for these systenMC solid energy is lower than the VMC solid energy be-
sizes. The energies calculated using the CPP are abofifuse the DMC energy corresponds to calculating the energy

; - Wwith the exact Jastrow factdbut an approximate nodal sur-
0.20(1) eV per atom lower than the corresponding energle%'\élce_ In Table Il we also report all-electron results for the

fgé%ﬂgéidt;’]gr?#iézea%f' which is a slightly larger ENeT%conesive energy of sodium calculated within the local den-
The VMC and DMC ’ in Fia. 1 h sity approximation(LDA) and the PBE and Becke-Lee-
_'he and DVIL energy curves in rig. ave very Yang-Parr(BLYP) generalized gradient correction schemes.
similar shapes, indicating that the source of the finite siz§yg pelieve that it is reasonable to compare with all-electron
errors is the same in each case. The finite size errors MUBET resylts because our QMC calculations with CPPs in-
therefore arise from the determinants used in the trial wave|,de core-valence correlation effects. Our DFT cohesive en-
functions. These effects are reduced by khgoint correc-  ergies are in good agreement with those of the recent study
tions but clearly a significant error remains, which might bepy Jaffeet al3* The LDA slightly overestimates the cohesive
due to effects from the open shell configurations. We havenergy, while the PBE slightly underestimates it. The cohe-
tried to extrapolate the energies in Fig. 1 to an infinite systensive energy obtained with BLYP is, on the other hand, much
size, and although this results in improved values of the cotoo small.
hesive energy we are not convinced that the extrapolations The comparison between the atomic and solid energies is
are justified. We have therefore chosen to report our besiicely illustrated by Fig. 2. To construct this figure we have
results for the QMC solid energies as those for the largestaken the zero of energy to be that of a N@n with its
system size studied of 512 atoms. electron very far away, which is precisely the zero of energy
To obtain our final estimates of the solid energies we corfor a pseudopotential calculation of a sodium atom. With this
rected them for the zero-point vibrational energy of the ionschoice of zero the energy of the neutral sodium atom is equal
The zero-point vibrational energl e Was estimated using to the negative of the ionization energy, while the energy of
the standard Debye formul& pe=9kgTp/8, whereTp is  the solid is lower still by the cohesive energy. Figure 2 shows
the Debye temperature. Usinfp=150 K (Ref. 30 gives that the LDA, PBE, and BLYP density functionals give very
Ezpe=0.0145 eV per atom. similar values for the atomic ionization energy, which are
The final cohesive energies together with the experimentadomewhat larger than the experimental value. The LDA and
value and some DFT values are given in Table Il. Our besPBE density functionals yield quite good cohesive energies,

VYMC DMC
Exp. LDA PBE BLYP no CPP CPP no CPP CPpP
-4.97164(5) -4.971685(9)
. 513908 K 5148395 Tk -5.14842(5)
Atomic energy K T 535 533 533
0.9437(8 X 0.9910(5)
1.129(6) Los| 073 ® 096946 1.0221(3)
121 -5.9153(8
Solid energy -y- -6.06 ® -5.9627(5)
-6.268(6) -6.1178(8) -6.1705(3)
-6 56—L -6.38

FIG. 2. Energies of the sodium atom and solid given in eV per atom from various calculations and from experiment. The zero of energy
is that of a Nd ion with its electron very far away. The horizontal dash-dotted lines represent the experimental values deduced from the
measured first ionization energy and the cohesive energy.
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but the BLYP cohesive energy is much too small. The fairly TABLE Ill. Data for the occupied bandwidth of sodium and for
accurate cohesive energies obtained in the LDA and PBEellium at the same average densityrgf=3.94, and at =4.

arise from a cancellation of the errors in the descriptions of

the attraction of the valence electron to the core in the atom Bandwidth(eV) Method

and solid. The LDA, PBE, and BLYP schemes are therefore 2 B2_0 6B Experiment

not expected to give accurate energy differences between 37+0.4 VMC, present work

systems in which the charge on the sodium ions is different, 3'25 ' LDA‘ present work

and BLYP does not even give an accurate energy difference 3'23 Free eiectronr(;=3 94)

between the neutral atom and solid. The DMC method in- ' :

cluding the CPP, on the other hand, gives highly accurate 3.13 Free electronr¢=4)
3.6 Gl (jellium rg=4)

values for the ionization energy and electron affifity
good value for the cohesive energy, and an equally good

value for the binding energy of the sodium diriér. for the eight-atom cell down to 0.09 eV for the 512-atom
cell.

Various data for the occupied bandwidth of sodium and
for jellium at densities of ;=3.94 are given in Table Ill. By

We have calculated the occupied bandwidth within thecomparing the LDA bandwidth with the free electron band-
QMC approach as the difference in energy between remowidth at the same densityr {=3.94) we deduce that the
ing an electron from the lowest energy single-particle orbitalattice potential leads to a very small increase in the band-
at theI” point and removing an electron from the highestwidth of about 0.02 eV. We also found that the CPP gives
energy occupied single-particle orbital. For each calculatioronly a very small change in the bandwidth, and therefore we
we used the Jastrow factor optimized for the ground state. &alculated this change using a correlated sampling approach
much smaller error bar in the energy per atom is required fowithin the VMC approach. For all system sizes the CPP re-
calculating the bandwidth than for the cohesive energy beeduced the bandwidth, but only by 0.01-0.05 eV. Figure 3
cause the bandwidth is the difference between two energieshows the occupied VMC, DMC, LDA, and PBE bandwidths
for the entire simulation cell whereas the cohesive energy isf sodium as a function of the size of the simulation cell. The
the difference in energies per atom. For this reason we hav@MC results for small system sizes are in reasonable agree-
not been able to perform DMC bandwidth calculations forment with the VMC results. Our VMC calculations show a
the larger system sizes. Instead we have performed VM®roadening of the bandwidth for all system sizes studigd
bandwidth calculations for systems with up to 512 atoms ando 512 electrons Our best estimate of the QMC bandwidth
DMC calculations for systems with up to 216 atoms. Forwas obtained from VMC calculations on the 512-electron
each system size we have added a finite-size correction cadimulation cell.
culated as the difference between the LDA bandwidth for the The bandwidth of sodium obtained from photoemission
k-point grid used in the QMC calculation and the LDA band- experiment® is 2.5-2.65 eV, which is significantipar-
width calculated with a large grid corresponding to a simu-rower than the free electron bandwidth of 3.23 eV at the
lation cell containing 15625 atoms, for which the finite sizesame average valence charge density. This band narrowing
error in the LDA bandwidth is estimated to be less than 0.0lhas been attributed to electron-electron interaction effects.
eV. The sizes of thé&-point corrections vary from 0.64 eV Recently there has been renewed interest in this problem

because new and more sophisticated many-body calculations
5 have suggested that the effect of the electron-electron inter-
actions may be tdroadenthe bandwidth. In their calcula-
tions using theG1 method Yasuharat al obtained a band-
width of about 3.6 eV, which is similar to the result obtained
in more recent calculations by Tak&t& using a similar
approach.

The effect of the electron-electron interaction on the oc-
cupied bandwidth of the HEG results from a delicate com-
petition between exchange and correlation effects. Within HF
v} T T T A TR theory, the occupied bandwidth of the HEG at a density of

0 100 200 300 400 500 600 r<=4 is about 4 eV larger than the free electron value, but
N electron correlation reduces the bandwidth to a value much

FIG. 3. The occupied bandwidth of sodium in eV calculateg €l0ser to the free electron bandwidth. Because of the large
within VMC (open circles and DMC (open squarésmethods and ~ ¢ancellation between the exchange and correlation terms the
using the LDA(filled triangle$ and the PBEopen triangles The ~ Need for a sophisticated treatment of electron-electron inter-
error bars indicate the standard deviations in the means. The fre&ctions for the bandwidth problem is clear.
electron bandwidth at the same average densityr f3.94 is According to Yasuharat al* the conflict between their
shown as a horizontal dashed line. Thpoint correction has been theoretical bandwidth of 3.6 eV and the experimental values
added to the VMC and DMC results, but not to the LDA or PBE of 2.5—2.65 eV might be resolved by invoking the effects of
results. the electron-electron interaction on the final states in the pho-

IV. BANDWIDTH

Bandwidth (eV)
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1.2 ' ' ' ' holes is very similar. The parallel-spin PCF is hardly affected
] L g by the presence of the CPP but the anti-parallel-spin PCF is
1f 1T T ILT u To¥ reduced for very small and slightly increased around the
first peak at about=1.5. It turns out that the presence of
0.8 the CPP increases the expectation value of the direct valence
= electron-electron interaction energy, both overall and when
& 0.6 HEG-DMC (11) an electron is fixed at;,, . The expectation value of the CPP

HEG-DMC (1)) is, however, strongly negative, so that overall the CPP lowers

0.4 the total energy. Note that the CPP affects the correlations
between all the electrons, and one cannot expect the shapes
02 of the PCFs plotted in Fig. 4 necessarily to reflect the overall
changes in interaction energies due to the CPP.
No CPP-DMC
% 1 - 4 5 VI. CONCLUSION
12 . . . We have applied the VMC and DMC methods to sodium.
,}E ’1‘* The introduction of core-valence correlation via a CPP in-
1t 525yl e ok S creases the binding of electrons to the atomic cores, resulting
X in excellent values for the atomic ionization energy. Using
08 the DMC method and the CPP we obtain a good value for the
o cohesive energy of the solid, which has a similar level of
;‘20 p mEG-DMC (1) ] accuracy to that obtained with the LDA and PBE density
) nec-omc (1)) functional methods. The effect of the CPP largely cancels in
0.4 the QMC cohesive energies. Sodium may be a difficult case
) for calculating the cohesive energy using the DMC method,
because there is no fixed-node error in the pseudoatomic en-
0.2 ergy, so that the use of the fixed-node approximation always
) . ) _ CPP-DMC serves to reduce the cohesive energy. It is also clear from our
U 1 ) 3 4 5 results that significant finite size errors are present even for

s quite large system sizes, which may be due to the effects of

FIG. 4. Spherically averaged pair correlation function with anth€ open shell configurations. .
electron fixed halfway between two nearest neighbor atoms. The 1he LDA, PBE, and BLYP schemes make significant er-

solid lines represent DMC results for the HEG at the same averag€rs in the descriptions of the attraction of the valence elec-
density. trons to the cores. These errors largely cancel in the cohesive

energy within the LDA and PBE schemes, but in the BLYP

toemission process, although this suggestion has beeipheme the cohesive energy is far too small. These results
strongly criticized?® Our VMC calculations give a band- show the importance of_usmg an accurate description of ex-
width consistent with that of Yasuhaea al* However, QUC ~ ¢hange and correlation in sodium. . .
calculations of the bandwidths of silichand diamontf _Including the CPP narrows the occupied bandwidth
have given bandwidths larger than experiment. This overes3lightly and has discernible effects upon the antiparallel spin
timation of the bandwidth presumably results from the qual-°CF in the solid. The CPP may be important for other prop-

ity of the nodal surface of the state at the bottom of the bang'ties, and there are Ot_her situations in which incorporating
being poorer than for the state at the top of the band. CPPs leads to substantial improvements. Our VMC value for

the occupied bandwidth of sodium of 3D.4 eV is signifi-
cantly larger than the experimental value of 2.5-2.65 eV, but
V. PAIR CORRELATION FUNCTIONS is in good agreement with a recent many-body calcul4tion
hich used a sophisticated approximation for the electron
If-energy. However, DMC calculations for silicdnand
iamond® gave occupied bandwidths which are too large,
nd we suspect that the same may apply to our sodium cal-

function has th tv. We fixed .~ “culations. A widely accepted solution to the bandwidth prob-
wave Tunction has the proper Ssymmelry. Ve 1IXed a Spin-UReyy as not so far emerged. On the other hand, we believe

electron halfway between two nearest neighbor atoms, -€that our conclusions that the effects of the static lattice po-

Fix=(a/4,a/4,a/4). DMC results for the spherically averaged tential and the dynamical core polarizability on the occupied
parallel and antiparallel PCFs are shown in Fig. 4, both Witrbandwidth are vgry small are rgliable y P

and without the CPP. For comparison, DMC results for the
HEG (Ref. 39 at the same average density are shown as
solid lines.

The PCFs for sodium have a little more structure than the We thank Martin Vogt for useful conversations. Financial
HEG ones, but the extent of the exchange and correlatiosupport was provided by the Engineering and Physical Sci-

Since the PCFs are local quantities they may be describe,
accurately using fairly small simulation cells. We have use
a simulation cell containing 64 atoms which adopts a close
shell electronic configuration, and consequently the tria
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of JAIST (Japan Advanced Institute of Science and Technol- Case(2) if k= —* use ¢, or ¢_. (A3)
ogy), the Computer Services for Academic ResedfC8AR, 2

University of Manchest¢y and the Cambridge-Cranfield

High Performance Computing Facilitig$iPCPH. The au- APPENDIX B: MPC INTERACTION

thors would like to thank Professor Teruo Matsuzawa

(JAIST) for the generous provision of computing facilities. The exact MPC interaction operatofis

R.M. would like to thank NIMS(National Institute for Ma- ~ exact_

terials Sciencedirectors, Professor Teruo Kishi, Dr. Take- He'e _gj f(ri_rj)J“Z fwsn(r)
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ment during the overseas collaboration with the University X[vg(ri—r)—f(r;—r)]dr, (B1)

of Cambridge. where the cutoff functiori(r) is the 1f Coulomb interaction

defined within the “nearest image” convention, which corre-
sponds to reducing the vectorinto the Wigner-SeitZ WS)
cell of the simulation celly ¢ is the Ewald potential, and is

We use many-body Bloch wave functions constructedthe electronic charge density from the many-electron wave
from the lowest energy single-particle orbitals calculated orfunction ¥. The electron-electron contribution to the total

a grid ofk points, energy is the expectation value B with ¥, minus a
double counting term,

APPENDIX A: CONSTRUCTING REAL ORBITALS

=g brt bt bytks,  (AD 2o (WAZw) — 5 [ ntnn(r)
o} 4z ds 2 Jws
X[ve(r—=r")=f(r—r")]drdr’. (B2
It is straightforward to show that with this expression the
Hartree energy is evaluated with the Ewald interaction while
the exchange-correlation energy is evaluated with the cutoff
interaction.
In a DMC calculation we require the local energy at every
time step, but the DMC charge density,is only known at
fie end of the run. Also, it is rather inconvenient to have to
Qlbtract the double counting term. We therefore define an
approximate MPC Hamiltonian as

where theq; are integers, thé; are the primitive reciprocal
lattice vectors, and (8l<qg;—1), (0O=m=qg,—1), and

(0=n=q3—1). In this study the offset vectdks, was set to
zero.

The Bloch orbitals at an arbitrary point ikspace are
complex. If the set of wave vectors consiststof pairs one
can always construct a set of real orbitals spanning the sa
space as the original complex set. A necessary and sufficie
condition for the grid of Eq(A1) to consist oftk pairs is
thatks=G42, whereGq is a reciprocal lattice vector of the

simulation cell lattice. If¢y is a Bloch function of wave ~
vectork then ¢} is a Bloch function of wave vector k. He.e—; f(ri_r1)+§i: fWSnA(r)
Therefore we can make two real orbitals frebp and ¢i as .
follows: ,
X[vE(ri—r>—f(ri—r)]dr—§f NA(r)NACT")
1 X[vg(r—r")—f(r—r")]drdr’, (B3)

Gi(r)= ﬁ[¢k(r)+¢?§(r)],

wheren, is an approximate charge density obtained either
from an independent particle calculation or a VMC calcula-
tion. Because of the presence of the third term on the right

1 hand side, which is a constant, there is no double counting
¢ (N=—7=[o(r)— i (N]. (A2)  and the interaction energy is simpBg .= (¥ |Hq V). Itis
2 straightforward to show that
. . 1
The orbitals ¢, and ¢_ are orthogonal if¢p, and ¢; Eee=EZ@L EJ [n(r)—na(NIN(r’)—na(r’)]
=¢_ are orthogonal, which holds unlegs-(—k)=G, ws
whereG;, is a reciprocal lattice vector of the primitive lattice. X[ve(r—r")—f(r—r")]drdr’. (B4)

In this casep, and¢_ are linearly dependent and we must

use only one of them, or one ¢f, and¢_ must be zero, in  The error due to using the approximate charge demsitis
which case we must obviously use the nonzero one. Theecond order in{—n,) and the operatorv—f) becomes
scheme is therefore small for large simulation cell sizes. For any reasonable
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ap proximation to the charge density and simulation cell sizated in real space and the second term in Fourier space. The

the error term is usually extremely small and we neglect itthird term is a constant which is evaluated in Fourier space at

although it could be calculated at the end of the simulationthe start of the calculation. We use the MPC Hamiltonian of
In our implementation the first term in EB3) is evalu- Eg. (B3) in both VMC and DMC calculations.
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