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Quantum Monte Carlo study of sodium
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We report a variational and diffusion quantum Monte Carlo study of sodium. Pseudopotentials are used to
represent the ion cores, and core-valence correlation effects are included by using a core polarization potential.
When the core polarization potential is included we obtain an excellent value for the first ionization energy of
the atom and a good value for the cohesive energy of the solid. Variational calculations of the occupied
bandwidth give larger values than experiment, in agreement with recent sophisticated many-body calculations.
Including the core polarization potential narrows the bandwidth slightly.
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I. INTRODUCTION

Variational and diffusion quantum Monte Carlo~VMC
and DMC! methods have been used to study both insula
and metallic solids.1 There have been rather few studies
metals other than the jellium model, probably because
finite size effects are larger in metals than in insulators. I
therefore of significance to establish the accuracy of
VMC and DMC methods for a real metal.

Here we report calculations of the ionization energy of
sodium atom and the cohesive energy, the occupied b
width and the pair correlation functions~PCFs! of solid so-
dium. It is often thought that the valence electrons in sodi
metal are well represented by the jellium model, but in f
there are significant differences due to the lattice poten
and the dynamical polarizability of the core electrons. H
we include the effects of the lattice potential via relativis
Hartree-Fock~HF! pseudopotentials, and the polarizability
the cores is described by a core polarization potential~CPP!.
To our knowledge, this work represents the first use of CP
in quantum Monte Carlo~QMC! calculations for a periodic
system.

The cohesive energy of sodium is well established exp
mentally, but the size of the occupied bandwidth of alk
metals, particularly sodium, has been the subject of m
controversy. The discrepancy between the experimental
ues for the occupied bandwidth2,3 of 2.5–2.65 eV and the
value of 3.6 eV obtained in recent sophisticated many-b
perturbation theory calculations4 is remarkably large. In this
paper we address the issues of the effects of the lattice
tential, the polarizability of the core, and the electro
electron interaction on the bandwidth of sodium.

The plan of this paper is as follows. In Sec. II we descr
the calculational methods, including the implementation
CPPs within periodic boundary conditions and the meth
for evaluating PCFs. In Sec. III we present and discuss
results for the atomic and solid energies, Sec. IV deals w
the valence bandwidth, and Sec. V covers the PCF res
We draw our conclusions in Sec. VI.
0163-1829/2003/68~16!/165103~9!/$20.00 68 1651
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II. DESCRIPTION OF THE CALCULATIONS

A. VMC and DMC methods

In the VMC method the energy is calculated as the exp
tation value of the Hamiltonian with an approximate man
body trial wave function, the integrals being performed by
Monte Carlo method. The trial wave function normally co
tains a number of variable parameters, whose values are
tained by an optimization procedure.

The DMC approach is a stochastic method for evolving
wave function according to the imaginarytime Schro¨dinger
equation.1 Exact imaginary-time evolution would lead to th
exact fermion ground state wave function, provided it ha
nonzero overlap with the initial fermion state. However, t
stochastic evolution is never exact and the solution c
verges to the bosonic ground state. In DMC calculations
fermionic symmetry is maintained by the fixed-nod
approximation,5 in which the nodal surface of the wave fun
tion is constrained to equal that of a guiding wave functio
Typically the guiding wave function is taken to be the op
mized trial wave function used in a VMC calculation. Th
fixed-node DMC energy provides a variational upper bou
on the ground state energy with an error that is second o
in the error in the nodal surface.6,7

The fixed-node constraint also allows the study of exci
states. The DMC algorithm converges to the lowest ene
state consistent with the fixed nodal surface. If the fix
nodal surface is exactly that of an eigenstate the DMC al
rithm gives the exact energy of that state. If we use a guid
wave function whose nodal surface approximates that of
excited state then the DMC energy will normally be a go
approximation to the energy of the excited state. Howev
for excited states, the existence of a variational principle
dependent upon the symmetry of the guiding wave functio8

The trial and guiding wave functions introduce impo
tance sampling and control both the statistical efficiency a
the final accuracy that can be obtained. In the DMC meth
the final accuracy depends only on the nodal surface of
guiding wave function via the fixed-node approximatio
©2003 The American Physical Society03-1
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while in the VMC method the final accuracy depends on
entire trial wave function, so that VMC energies are mo
sensitive to the quality of the approximate wave functi
than DMC energies.

B. Trial Õguiding wave functions

We have used trial and guiding wave functions of t
standard Slater-Jastrow form,

C~R!5eJ(R)D↑~r1 , . . . ,rN↑!D↓~rN↑11 , . . . ,rN!, ~1!

where there areN electrons of whichN↑ are up-spin andN
2N↑ are down-spin.R5(r1 , . . . ,rN) denotes the spatial co
ordinates of all the electrons, andeJ(R) is the Jastrow corre
lation factor. The Slater determinants,Ds , were formed
from single-particle orbitals obtained from density function
theory calculations using theCRYSTAL98 Gaussian basis se
code.9 For these calculations we used the Perdew-Bur
Ernzerhof@PBE# ~Ref. 10! generalized gradient approxima
tion for the exchange and correlation energy. Our Gaus
basis consisted of three uncontracteds functions with expo-
nents 1.7974, 0.5676, and 0.053 a.u., and two uncontractp
functions with exponents 0.3795 and 0.0512 a.u. The N1

ions were described by relativistic Hartree-Fo
pseudopotentials,11 because they have been shown to g
better results than density functional theory~DFT! ones
when used within QMC calculations12 and because CPPs a
devised for use with Hartree-Fock pseudopotentials. T
nonlocal pseudopotential energy was evaluated within
locality approximation.13 All of the QMC calculations were
performed using theCASINO code.14

Jastrow factors take the form

J~R!52(
i . j

H A

r i j
F12expS 2

r i j

F D GexpS 2
r i j

2

L0
2D 1S1~r i j !J

2(
i ,I

S2~r iI !, ~2!

where the indicesi andj denote electrons andI denotes ions.
F is chosen so that the cusp conditions15 are obeyed, i.e.
F↑↑5A2A and F↑↓5AA, and S1 and S2 are cuspless. We
chooseL050.3LWS, so that the first term in Eq.~2! is effec-
tively zero at the shortest distance to the surface of
Wigner-Seitz cell,LWS. S1 andS2 are expressed as polyno
mial expansions in the inter-particle distances. We use
total of 11 variable parameters in the Jastrow factor wh
optimal values were obtained by minimizing the variance
the energy.16,17

C. Simulation cells

At very low temperatures sodium crystallizes in a stru
ture which consists of close-packed layers, probably in
9R stacking,18 but at 35 K it undergoes a martensitic tran
tion to the body-centered cubic~bcc! structure, which we
study here. We use the experimental value of the cubic lat
constant of sodium at 78 K ofa54.235 Å ~8.003 a.u.!.19
16510
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QMC calculations for solids use finite simulation ce
subject to periodic boundary conditions, which inevitably i
troduces finite size errors. We used the symmetric set of

primitive translation vectors (12 , 1
2 ,2 1

2 )a, ( 1
2 ,2 1

2 , 1
2 )a, and

(2 1
2 , 1

2 , 1
2 )a, and to form the different simulation cells w

multiplied each of the primitive translation vectors by 2, 4,
7, or 8, giving simulation cells containing 8, 64, 216, 34
and 512 atoms, respectively.

D. ‘‘Open shell’’ problem

In a metallic system at zero temperature the total num
of orbitals below the Fermi should coincide with the numb
of electrons in the simulation cell. One would like to fill a
degenerate orbitals, creating a ‘‘closed-shell’’ configuratio
which guarantees that the charge density has the correct
metry. However, in many cases the number of electrons
orbitals do not match and one has to use an ‘‘open sh
configuration. This problem is solved within mean-field ca
culations by using fractional occupations. In many-body c
culations one could use a multi-determinant wave function
achieve a similar result, but this is inconvenient. Open sh
can always be avoided in many-body calculations for
homogeneous electron gas~HEG! by filling complete shells
and adjusting the size of the simulation cell to give the c
rect density. However, for a real metal there is less freed
to adjust the cell size as it must consist of an integer num
of primitive cells, and if a single determinant is to be us
one may be forced to use an open shell configuration.

DMC calculations require the use of real wave function
We construct these by forming real orbitals from the deg
erate complex Bloch orbitals asf15(1/A2)@fk1fk* # and
f25(1/iA2)@fk2fk* #, as described in Appendix A. Th
up- and down-spin determinants can be partitioned i
closed and open shell parts. The closed shell parts ca
written in terms of the real orbitals,f1 and f2 , as the
Bloch orbitals atk and2k are both occupied. For the ope
shell parts we simply use the appropriate number of thef1

andf2 orbitals. For the largest cell containing 512 electro
it is not possible to choose a closed shell configuration,
there are two holes in the outermost shell. We choose th
holes to be of opposite spin and include the required num
of f1 andf2 orbitals. When there is only a single hole o
each spin type the HF energy expectation value can
shown to be independent of which orbitals are selected, e
though the charge density may depend on the selection
QMC calculations the energy can depend on the selectio
orbitals but we expect this effect to be small.

Recent QMC tests of open shell configurations of so
aluminum at fixed system size20 found energy differences
between different fillings of the states of less than 0.1 eV
atom. A study as a function of system size indicated reas
able convergence after correction for finite size effects,
the range of system sizes studied was insufficient to d
firm conclusions on this point.

E. Core polarization potential

It is consistent to use CPPs with HF pseudopotentials
account for the core-valence correlation effects and the s
3-2
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polarization effects due to the other ions in the system. As
our knowledge, this paper reports the first use of CPP
QMC calculations for extended systems we devote so
space to describing our implementation for systems with
riodic boundary conditions.

In the CPP approximation the polarization of a particu
core is determined by the electric field at the nucleus. T
electric field acting on the ion core atRI due to the other ions
at RJ and the electrons atr i is21

FI52(
JÞI

RJI

RJI
3

ZJ1(
i

r i I

r iI
3

, ~3!

whereRJI5RJ2RI , r i I 5r i2RI andZJ is the charge of ion
J. The CPP energy operator is then

VCPP52
1

2 (
I

a I uFI u2, ~4!

wherea I is the dipole polarizability of coreI.
Equation ~3! assumes a classical description which

valid when the valence electrons are far from the cores
the cores are far from each another. When a valence elec
penetrates the core the classical result is a very poor app
mation, diverging at the nucleus. To remove this unphys
behavior each contribution to the electric field in Eq.~3! is
multiplied by a cutoff functionf (r iI / r̄ I), where r̄ I is a pa-
rameter, which tends to unity at larger iI . A further possible
modification is to allow the one-electron term in Eq.~4!,
which takes the form2a I /(2r iI

4 ), to depend on the angula

momentum component,l, and replace the factorr̄ I in the
cutoff function by an angular momentum dependent para
eter, r̄ l I . With these modifications the CPP energy opera
becomes

VCPP52
1

2 (
I

a IF(
i

1

r iI
4 (

l
f S r iI

r̄ l I
D 2

P̂l

1(
i

(
j Þ i

r i I •r j I

r iI
3 r jI

3
f S r iI

r̄ I
D f S r jI

r̄ I
D

22(
i

(
JÞI

r i I •RJI

r iI
3 RJI

3
f S r iI

r̄ I
D ZJ1S (

JÞI

RJI

RJI
3

ZJD 2G ,

~5!

where P̂l is the projector onto thel th angular momentum
component of thei th electron with respect to theI th ion.

For efficient evaluation we rewrite Eq.~5! as

VCPP52
1

2 (
I

a I uF̄I u21
1

2 (
I

a I(
i

1

r iI
4

3(
l 50

l max F f S r iI

r̄ I
D 2

2 f S r iI

r̄ l I
D 2G P̂l , ~6!

where
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F̄I52(
JÞI

RJI

RJI
3

ZJ1(
i

r i I

r iI
3

f S r iI

r̄ I
D , ~7!

andl max52 is the maximum angular momentum. If there a
N electrons and ions then direct evaluation of Eq.~5! re-
quiresO(N3) operations while Eq.~6! can be evaluated in
O(N2) operations, which is the same order as for the ot
interaction terms.

We use the cutoff function22,23

f ~x!5~12e2x2
!2. ~8!

For sodium only thes andp channels are significant and, fo
simplicity, in these calculations we have chosen to setr̄ 0I

5 r̄ 1I5 r̄ 2I5 r̄ I51.0307 a.u., which is the radius for thes
channel given by Shirley and Martin,23 and we useda I
50.9776 a.u., as given in the same paper. When onl
single CPP radius is used the second term in Eq.~6! is zero.
For periodic systems the electric fieldsF̄I are evaluated di-
rectly from the analytic first derivatives of the Ewald pote
tial. The additional computational cost of calculating the C
energy is small because many of the quantities involved m
also be evaluated for the electron-electron and electron
interaction energies.

F. Model periodic Coulomb interaction

The model periodic Coulomb~MPC! interaction24–26

was introduced into QMC calculations within period
boundary conditions to reduce finite size effects aris
from the use of the Ewald interaction to model the Coulom
interaction. The interaction energy can be divided in
Hartree and exchange-correlation terms. The basic idea24–26

of the MPC interaction is that the Ewald interactio
introduces an error because the interaction of an elec
with its exchange-correlation hole is not 1/r , as it would be
in an infinite system. In the MPC formulation each electr
interacts with its exchange-correlation hole via the 1/r Cou-
lomb potential, while the Hartree energy is evaluat
using the Ewald interaction. In this study we use the MP
and Ewald interactions to test whether the Coulomb fin
size effects are significant. When the difference betwe
the energies calculated with the MPC and Ewald interacti
is negligible we assume that the simulation cell is sufficien
large that the Coulomb finite size effects are negligib
Our implementation of the MPC interaction, which h
not been described in the literature before, is summarize
Appendix B.

G. Pair correlation functions

The PCF can be written as

g~x,x8!5
r~x,x8!

n~x!n~x8!
, ~9!

wherex denotes the spatial and spin components. ForN elec-
tronsr is
3-3
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Calculating the full six-dimensional functionr(x,x8) is very
costly, although it has been done within VM
calculations.27,28 It is less costly to calculate the PCF wit
one of the electron coordinates fixed at some chosen p
Fixing the position of a spin-up electron atr fix , the PCF can
be written as

gs↑~r ,r fix!5
rs↑~r ,r fix!

ns~r !n↑~r fix!
5

ns~r ;r fix ,Ns2ds↑!

ns~r !
, ~11!

where ns(r ;r fix ,Ns2ds↑) is the charge density of theNs

2ds↑ spin-s electrons whose positions are not fixed, calc
lated with a spin-up electron fixed atr fix . The calculation of
the PCF can therefore be reduced to evaluating the ch
densities with and without fixing the position of an electro
This algorithm gives the correct PCF within both VMC an
DMC approaches.

We have calculated the parallel and anti-parallel s
PCFs for sodium with the electron fixed half-way betwe
two nearest neighbor atoms. The PCFs were accumulate
reciprocal space. These calculations give a good descrip
of the overall shape of the PCFs, and show that they
almost spherically symmetric forur2r fixu,;8 a.u., but the
statistical noise makes detailed studies extremely costly.
therefore decided to study the spherical averages of the P
about the pointr fix . The PCF of Eq.~11! can be written in
spherical polar coordinates,

gs↑~r ,r fix!5gs↑~R,u,f!, ~12!

whereR5ur2r fixu. The spherical average aboutr fix is then

ḡs↑~R,r fix!5
1

4pE gs↑~R,u,f!dV

5
1

4pR2 K (
j 51

Ns2ds↑ d~R2ur j2r fixu!
ns~r j !

L . ~13!

Note the appearance of the weighting function 1/ns(r j ) in
Eq. ~13!. The parallel and anti-parallel spin PCFs were ac
mulated in real space by collecting in radial bins of wid
Dr 50.56 a.u.

III. ENERGIES OF THE ATOM AND SOLID

As the pseudoatom contains only a singles electron its
energy can be calculated by a numerical integration o
radial grid, which gave an ionization energy of 4.972 e
without the CPP and 5.149 eV including the CPP. As
simple check we also calculated the atomic energies wi
VMC and DMC approaches using the orbital from the n
merical integration as the trial/guiding wave function, whi
16510
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gave energies within error bars of the numerical integrat
values. Our value of the additional binding energy arisi
from the CPP of 0.177 eV is in excellent agreement with
value of 0.17 eV given in Ref. 23, and our ionization ener
including the CPP is in excellent agreement with the exp
mental value of 5.14 eV.29

We calculated the energies for the solid using 8-, 6
216-, and 512-atom simulation cells, using both the Ew
and MPC interactions and the VMC and DMC methods, b
with and without the CPP. The fraction of the total corre
tion energy described by the Jastrow function can be m
sured by the quantity

Q5
EVMC

Slater2EVMC
Slater2J

EVMC
Slater2EDMC

, ~14!

whereEVMC
Slater2J andEVMC

Slaterdenote the VMC energies with an
without the Jastrow function, respectively. We found thatQ
slowly increased with system size, from 72~1!% for eight
atoms to 90.5~4!% with 64 atoms to 93.4~5!% ~216 atoms!
and finally to 93.8~3!% for our largest cell containing 512
atoms. This indicates that the quality of our Jastrow fact
slowly increases with system size although no discern
improvement is obtained beyond 216 atoms. This behavio
at least partly due to our procedure of cutting off the Jastr
factor smoothly at the shortest distance to the surface of
Wigner-Seitz cell@see Eq.~2!#.

Figure 1 shows the system size dependence of the V
and DMC ground state energies calculated using both
MPC and Ewald interactions, with and without the CPP, pl
ted as a function of 1/N, whereN is the number of atoms in

FIG. 1. VMC and DMC energies~eV per atom! as a function of
1/N, whereN is the number of atoms in the simulation cell. Ope
symbols denote results obtained with the MPC interaction and fi
symbols denote those obtained with the Ewald interaction. Res
with the CPP are denoted by circles and diamonds and those w
out the CPP are denoted by triangles and squares. DMC result
denoted by filled triangles, open circles, open squares, and fi
diamonds, while the other symbols denote VMC results.
3-4
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the simulation cell. We incorporatedk-point corrections ob-
tained by taking the difference between PBE energies ca
lated for the actual simulation cells and for extremely lar
cells. These are essentially corrections for the kinetic ene
The numerical values of the uncorrected DMC energies, w
and without the CPP, and thek-point corrections, are given in
Table I. The very close agreement between the Ewald
MPC energies for the 216- and 512-atom systems shows
the Coulomb finite size effects are small for these sys
sizes. The energies calculated using the CPP are a
0.20~1! eV per atom lower than the corresponding energ
calculated without the CPP, which is a slightly larger ene
reduction than in the atom.

The VMC and DMC energy curves in Fig. 1 have ve
similar shapes, indicating that the source of the finite s
errors is the same in each case. The finite size errors m
therefore arise from the determinants used in the trial w
functions. These effects are reduced by thek-point correc-
tions but clearly a significant error remains, which might
due to effects from the open shell configurations. We h
tried to extrapolate the energies in Fig. 1 to an infinite syst
size, and although this results in improved values of the
hesive energy we are not convinced that the extrapolat
are justified. We have therefore chosen to report our b
results for the QMC solid energies as those for the larg
system size studied of 512 atoms.

To obtain our final estimates of the solid energies we c
rected them for the zero-point vibrational energy of the io
The zero-point vibrational energy,EZPE was estimated using
the standard Debye formula,EZPE59kBTD/8, whereTD is
the Debye temperature. UsingTD5150 K ~Ref. 30! gives
EZPE50.0145 eV per atom.

The final cohesive energies together with the experime
value and some DFT values are given in Table II. Our b

TABLE I. The DMC energies obtained using the Ewald intera
tion, with and without the CPP, and the PBEk-point correction
DEPBE5EPBE(`)2EPBE(N), as a function of the number of at
oms in the simulation cell,N. All energies are in eV per atom.

N DMC energy~with CPP! DMC energy~no CPP! DEPBE

8 25.51~3! 25.465~2! 20.923
64 26.160~1! 25.958~3! 0.228
216 26.2042~7! 25.9944~8! 0.201
512 26.2319~3! 26.0241~5! 0.061
16510
u-
e
y.
h

d
at

m
ut
s
y

e
st
e

e
m
-

ns
st
st

r-
.

al
st

QMC result is the DMC calculation with the CPP, whic
gives a cohesive energy in good agreement with experim
The VMC cohesive energies are slightly smaller than
DMC ones. This is expected because the VMC and DM
atomic energies are essentially equal and exact, while
DMC solid energy is lower than the VMC solid energy b
cause the DMC energy corresponds to calculating the en
with the exact Jastrow factor~but an approximate nodal sur
face!. In Table II we also report all-electron results for th
cohesive energy of sodium calculated within the local d
sity approximation~LDA ! and the PBE and Becke-Lee
Yang-Parr~BLYP! generalized gradient correction scheme
We believe that it is reasonable to compare with all-elect
DFT results because our QMC calculations with CPPs
clude core-valence correlation effects. Our DFT cohesive
ergies are in good agreement with those of the recent s
by Jaffeet al.31 The LDA slightly overestimates the cohesiv
energy, while the PBE slightly underestimates it. The co
sive energy obtained with BLYP is, on the other hand, mu
too small.

The comparison between the atomic and solid energie
nicely illustrated by Fig. 2. To construct this figure we ha
taken the zero of energy to be that of a Na1 ion with its
electron very far away, which is precisely the zero of ene
for a pseudopotential calculation of a sodium atom. With t
choice of zero the energy of the neutral sodium atom is eq
to the negative of the ionization energy, while the energy
the solid is lower still by the cohesive energy. Figure 2 sho
that the LDA, PBE, and BLYP density functionals give ve
similar values for the atomic ionization energy, which a
somewhat larger than the experimental value. The LDA a
PBE density functionals yield quite good cohesive energ

- TABLE II. Data for the cohesive energy of sodium. All value
contain a correction for the zero-point energy of the solid ofEZPE

50.0145 eV per atom.

Cohesive energy~eV! Source

1.13 Experiment~Ref. 32!
0.9437~8! VMC without CPP
0.9694~8! VMC with CPP
0.9910~5! DMC without CPP
1.0221~3! DMC with CPP
1.20 LDA
1.04 PBE
0.72 BLYP
f energy
from the
FIG. 2. Energies of the sodium atom and solid given in eV per atom from various calculations and from experiment. The zero o
is that of a Na1 ion with its electron very far away. The horizontal dash-dotted lines represent the experimental values deduced
measured first ionization energy and the cohesive energy.
3-5
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but the BLYP cohesive energy is much too small. The fai
accurate cohesive energies obtained in the LDA and P
arise from a cancellation of the errors in the descriptions
the attraction of the valence electron to the core in the a
and solid. The LDA, PBE, and BLYP schemes are theref
not expected to give accurate energy differences betw
systems in which the charge on the sodium ions is differe
and BLYP does not even give an accurate energy differe
between the neutral atom and solid. The DMC method
cluding the CPP, on the other hand, gives highly accu
values for the ionization energy and electron affinity,23 a
good value for the cohesive energy, and an equally g
value for the binding energy of the sodium dimer.33

IV. BANDWIDTH

We have calculated the occupied bandwidth within
QMC approach as the difference in energy between rem
ing an electron from the lowest energy single-particle orb
at the G point and removing an electron from the highe
energy occupied single-particle orbital. For each calculat
we used the Jastrow factor optimized for the ground stat
much smaller error bar in the energy per atom is required
calculating the bandwidth than for the cohesive energy
cause the bandwidth is the difference between two ener
for the entire simulation cell whereas the cohesive energ
the difference in energies per atom. For this reason we h
not been able to perform DMC bandwidth calculations
the larger system sizes. Instead we have performed V
bandwidth calculations for systems with up to 512 atoms
DMC calculations for systems with up to 216 atoms. F
each system size we have added a finite-size correction
culated as the difference between the LDA bandwidth for
k-point grid used in the QMC calculation and the LDA ban
width calculated with a large grid corresponding to a sim
lation cell containing 15 625 atoms, for which the finite si
error in the LDA bandwidth is estimated to be less than 0
eV. The sizes of thek-point corrections vary from 0.64 eV

FIG. 3. The occupied bandwidth of sodium in eV calculat
within VMC ~open circles! and DMC ~open squares! methods and
using the LDA~filled triangles! and the PBE~open triangles!. The
error bars indicate the standard deviations in the means. The
electron bandwidth at the same average density ofr s53.94 is
shown as a horizontal dashed line. Thek-point correction has been
added to the VMC and DMC results, but not to the LDA or PB
results.
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for the eight-atom cell down to 0.09 eV for the 512-ato
cell.

Various data for the occupied bandwidth of sodium a
for jellium at densities ofr s53.94 are given in Table III. By
comparing the LDA bandwidth with the free electron ban
width at the same density (r s53.94) we deduce that the
lattice potential leads to a very small increase in the ba
width of about 0.02 eV. We also found that the CPP giv
only a very small change in the bandwidth, and therefore
calculated this change using a correlated sampling appro
within the VMC approach. For all system sizes the CPP
duced the bandwidth, but only by 0.01–0.05 eV. Figure
shows the occupied VMC, DMC, LDA, and PBE bandwidt
of sodium as a function of the size of the simulation cell. T
DMC results for small system sizes are in reasonable ag
ment with the VMC results. Our VMC calculations show
broadening of the bandwidth for all system sizes studied~up
to 512 electrons!. Our best estimate of the QMC bandwid
was obtained from VMC calculations on the 512-electr
simulation cell.

The bandwidth of sodium obtained from photoemissi
experiments2,3 is 2.5–2.65 eV, which is significantlynar-
rower than the free electron bandwidth of 3.23 eV at t
same average valence charge density. This band narro
has been attributed to electron-electron interaction effe
Recently there has been renewed interest in this prob
because new and more sophisticated many-body calcula
have suggested that the effect of the electron-electron in
actions may be tobroadenthe bandwidth. In their calcula
tions using theGI method Yasuharaet al.4 obtained a band-
width of about 3.6 eV, which is similar to the result obtain
in more recent calculations by Takada34,35 using a similar
approach.

The effect of the electron-electron interaction on the o
cupied bandwidth of the HEG results from a delicate co
petition between exchange and correlation effects. Within
theory, the occupied bandwidth of the HEG at a density
r s.4 is about 4 eV larger than the free electron value,
electron correlation reduces the bandwidth to a value m
closer to the free electron bandwidth. Because of the la
cancellation between the exchange and correlation terms
need for a sophisticated treatment of electron-electron in
actions for the bandwidth problem is clear.

According to Yasuharaet al.4 the conflict between their
theoretical bandwidth of 3.6 eV and the experimental valu
of 2.5–2.65 eV might be resolved by invoking the effects
the electron-electron interaction on the final states in the p

ee

TABLE III. Data for the occupied bandwidth of sodium and fo
jellium at the same average density ofr s53.94, and atr s54.

Bandwidth~eV! Method

2.52–2.653 Experiment
3.760.4 VMC, present work
3.25 LDA, present work
3.23 Free electron (r s53.94)
3.13 Free electron (r s54)
3.64 GI ~jellium r s54)
3-6
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toemission process, although this suggestion has b
strongly criticized.36 Our VMC calculations give a band
width consistent with that of Yasuharaet al.4 However, QMC
calculations of the bandwidths of silicon37 and diamond38

have given bandwidths larger than experiment. This ove
timation of the bandwidth presumably results from the qu
ity of the nodal surface of the state at the bottom of the b
being poorer than for the state at the top of the band.

V. PAIR CORRELATION FUNCTIONS

Since the PCFs are local quantities they may be descr
accurately using fairly small simulation cells. We have us
a simulation cell containing 64 atoms which adopts a clo
shell electronic configuration, and consequently the t
wave function has the proper symmetry. We fixed a spin
electron halfway between two nearest neighbor atoms,
r fix5(a/4,a/4,a/4). DMC results for the spherically average
parallel and antiparallel PCFs are shown in Fig. 4, both w
and without the CPP. For comparison, DMC results for
HEG ~Ref. 39! at the same average density are shown
solid lines.

The PCFs for sodium have a little more structure than
HEG ones, but the extent of the exchange and correla

FIG. 4. Spherically averaged pair correlation function with
electron fixed halfway between two nearest neighbor atoms.
solid lines represent DMC results for the HEG at the same ave
density.
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holes is very similar. The parallel-spin PCF is hardly affect
by the presence of the CPP but the anti-parallel-spin PC
reduced for very smallr and slightly increased around th
first peak at aboutr 51.5r s . It turns out that the presence o
the CPP increases the expectation value of the direct vale
electron-electron interaction energy, both overall and wh
an electron is fixed atr fix . The expectation value of the CP
is, however, strongly negative, so that overall the CPP low
the total energy. Note that the CPP affects the correlati
between all the electrons, and one cannot expect the sh
of the PCFs plotted in Fig. 4 necessarily to reflect the ove
changes in interaction energies due to the CPP.

VI. CONCLUSION

We have applied the VMC and DMC methods to sodiu
The introduction of core-valence correlation via a CPP
creases the binding of electrons to the atomic cores, resu
in excellent values for the atomic ionization energy. Usi
the DMC method and the CPP we obtain a good value for
cohesive energy of the solid, which has a similar level
accuracy to that obtained with the LDA and PBE dens
functional methods. The effect of the CPP largely cancels
the QMC cohesive energies. Sodium may be a difficult c
for calculating the cohesive energy using the DMC meth
because there is no fixed-node error in the pseudoatomic
ergy, so that the use of the fixed-node approximation alw
serves to reduce the cohesive energy. It is also clear from
results that significant finite size errors are present even
quite large system sizes, which may be due to the effect
the open shell configurations.

The LDA, PBE, and BLYP schemes make significant
rors in the descriptions of the attraction of the valence el
trons to the cores. These errors largely cancel in the cohe
energy within the LDA and PBE schemes, but in the BLY
scheme the cohesive energy is far too small. These res
show the importance of using an accurate description of
change and correlation in sodium.

Including the CPP narrows the occupied bandwid
slightly and has discernible effects upon the antiparallel s
PCF in the solid. The CPP may be important for other pro
erties, and there are other situations in which incorporat
CPPs leads to substantial improvements. Our VMC value
the occupied bandwidth of sodium of 3.760.4 eV is signifi-
cantly larger than the experimental value of 2.5–2.65 eV,
is in good agreement with a recent many-body calculati4

which used a sophisticated approximation for the elect
self-energy. However, DMC calculations for silicon37 and
diamond38 gave occupied bandwidths which are too larg
and we suspect that the same may apply to our sodium
culations. A widely accepted solution to the bandwidth pro
lem has not so far emerged. On the other hand, we bel
that our conclusions that the effects of the static lattice
tential and the dynamical core polarizability on the occup
bandwidth are very small are reliable.
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APPENDIX A: CONSTRUCTING REAL ORBITALS

We use many-body Bloch wave functions construc
from the lowest energy single-particle orbitals calculated
a grid of k points,

k lmn5
l

q1
b11

m

q2
b21

n

q3
b31ks , ~A1!

where theqi are integers, thebi are the primitive reciproca
lattice vectors, and (0< l<q121), (0<m<q221), and
(0<n<q321). In this study the offset vector,ks , was set to
zero.

The Bloch orbitals at an arbitrary point ink-space are
complex. If the set of wave vectors consists of6k pairs one
can always construct a set of real orbitals spanning the s
space as the original complex set. A necessary and suffic
condition for the grid of Eq.~A1! to consist of6k pairs is
that ks5Gs/2, whereGs is a reciprocal lattice vector of th
simulation cell lattice. Iffk is a Bloch function of wave
vector k then fk* is a Bloch function of wave vector2k.
Therefore we can make two real orbitals fromfk andfk* as
follows:

f1~r !5
1

A2
@fk~r !1fk* ~r !#,

f2~r !5
1

iA2
@fk~r !2fk* ~r !#. ~A2!

The orbitals f1 and f2 are orthogonal iffk and fk*
5f2k are orthogonal, which holds unlessk2(2k)5Gp ,
whereGp is a reciprocal lattice vector of the primitive lattice
In this casef1 andf2 are linearly dependent and we mu
use only one of them, or one off1 andf2 must be zero, in
which case we must obviously use the nonzero one.
scheme is therefore
16510
l-

t-
y
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e

Case ~1! if kÞ
Gp

2
use f1 and f2 ,

Case ~2! if k5
Gp

2
use f1 or f2 . ~A3!

APPENDIX B: MPC INTERACTION

The exact MPC interaction operator is25,26

Ĥe-e
exact5(

i . j
f ~r i2r j !1(

i
E

WS
n~r !

3@vE~r i2r !2 f ~r i2r !#dr , ~B1!

where the cutoff functionf (r ) is the 1/r Coulomb interaction
defined within the ‘‘nearest image’’ convention, which corr
sponds to reducing the vectorr into the Wigner-Seitz~WS!
cell of the simulation cell,vE is the Ewald potential, andn is
the electronic charge density from the many-electron w
function C. The electron-electron contribution to the tot
energy is the expectation value ofĤe-e

exact with C, minus a
double counting term,

Ee-e
exact5^CuĤe-e

exactuC&2
1

2EWS
n~r !n~r 8!

3@vE~r2r 8!2 f ~r2r 8!#drdr 8. ~B2!

It is straightforward to show that with this expression t
Hartree energy is evaluated with the Ewald interaction wh
the exchange-correlation energy is evaluated with the cu
interaction.

In a DMC calculation we require the local energy at eve
time step, but the DMC charge density,n, is only known at
the end of the run. Also, it is rather inconvenient to have
subtract the double counting term. We therefore define
approximate MPC Hamiltonian as

Ĥe-e5(
i . j

f ~r i2r j !1(
i
E

WS
nA~r !

3@vE~r i2r !2 f ~r i2r !#dr2
1

2E nA~r !nA~r 8!

3@vE~r2r 8!2 f ~r2r 8!#drdr 8, ~B3!

wherenA is an approximate charge density obtained eit
from an independent particle calculation or a VMC calcu
tion. Because of the presence of the third term on the ri
hand side, which is a constant, there is no double coun
and the interaction energy is simplyEe-e5^CuĤe-euC&. It is
straightforward to show that

Ee-e5Ee-e
exact2

1

2EWS
@n~r !2nA~r !#@n~r 8!2nA~r 8!#

3@vE~r2r 8!2 f ~r2r 8!#drdr 8. ~B4!

The error due to using the approximate charge densitynA is
second order in (n2nA) and the operator (vE2 f ) becomes
small for large simulation cell sizes. For any reasona
3-8
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ap proximation to the charge density and simulation cell s
the error term is usually extremely small and we neglec
although it could be calculated at the end of the simulati

In our implementation the first term in Eq.~B3! is evalu-
e

J.

J.

, J

pa

G
r’s

ys

on

16510
e
t,
.

ated in real space and the second term in Fourier space.
third term is a constant which is evaluated in Fourier spac
the start of the calculation. We use the MPC Hamiltonian
Eq. ~B3! in both VMC and DMC calculations.
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