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ABSTRACT: A brief overview of the diffusion quantum Monte Carlo method is given.
We illustrate the application to ground-state calculations by a study of the relative stability
of carbon clusters near the crossover to fullerene stability, thereby determining the
smallest stable fullerene. The application to excited states is illustrated via a study of
excitonic states in small hydrogenated silicon clusters. © 2002 John Wiley & Sons, Inc. Int
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Introduction

A sophisticated description of electron correla-
tion is required to describe the structures, en-
ergetics, and properties of molecules and solids. The
fixed-node diffusion quantum Monte Carlo (DMC)
method [1-3] is a stochastic technique for solv-
ing the many-body Schrédinger equation with an
accurate treatment of electron correlation. Highly
accurate DMC calculations of ground-state energies
have already been demonstrated [1-5] and in prin-
ciple such accuracy can also be attained for excited
states. The great promise of these methods lies in the
fact that electron—electron correlations are included
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explicitly, essentially without approximation, and
that the computational cost increases as the third
power of the number of electrons, which is very fa-
vorable when compared with other correlated wave
function techniques.

In this study we give a brief overview of the DMC
method and describe its application to two prob-
lems. The first application is to a ground-state prob-
lem; the relative stability of carbon clusters near
the crossover to where fullerene molecules have be-
come stable [6]. The second is an application to the
excitonic states of small hydrogenated silicon clus-
ters [7].

The DMC Method

The DMC method is a stochastic projector
method for evolving the imaginary-time Schro-
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dinger equation,

V(R 1)
at

where t is a real variable measuring the progress
in imaginary time, and Es is an energy offset. This
equation has the property that an initial starting
state decays toward the ground-state wave func-
tion (provided they have a nonzero overlap). The
time evolution of Eq. (1) may be followed using
a stochastic technique. The wave function W (R, ) is
represented by an ensemble of 3N-dimensional elec-
tron configurations, {R;}, whose time evolution is
governed by Eq. (1). The Green function of Eq. (1)
shows that the rules of the evolution are random
diffusive jumps of the configurations arising from
the kinetic term and removal/addition of configu-
rations arising from the potential energy term.

Unfortunately, this simple algorithm suffers from
two serious problems. The first is that we have im-
plicitly assumed that W is a probability distribution,
even though its fermionic nature means that it must
have positive and negative parts. The second prob-
lem is less fundamental but in practice very severe.
The required rate of removing/adding configura-
tions diverges when the potential energy diverges,
which occurs whenever two electrons or an electron
and a nucleus are coincident, leading to poor statis-
tical behavior.

To deal with the first problem we use the fixed-
node approximation [8]. The nodal surface of a wave
function is the surface on which it is zero and across
which it changes sign. If we force the time evolution
of Eq. (1) to maintain a nodal surface consistent with
the fermionic antisymmetry, we can simulate the
equation separately in each nodal pocket. The fixed
nodal surface can be imposed by considering the
evolution of the mixed distribution f = ®7¥, where
&7 is known as the trial or guiding wave function.
The nodal surface of W is constrained to be the same
as that of ®r and therefore f can be interpreted as
a probability distribution and the evolution gener-
ates the distribution f = &7V, where W is the best
(lowest energy) wave function with the same nodes
as ®r1. The second problem is also dealt with by
the introduction of the f distribution, which intro-
duces importance sampling and greatly reduces the
statistical noise. Normally we demand that ®7 has
the correct cusplike behavior when two electrons or
an electron and a nucleus are coincident [9], which
removes the divergence in the removal/addition
process.

= (H - Es)¥ (R, b), 1)

The fixed-node approximation implies that we
solve independently in different nodal pockets, and
at first sight it appears that we have to solve the
Schrédinger equation in every nodal pocket, which
would be an impossible task in large systems.
However, the tiling theorem for fermion ground
states [10, 11] asserts that all nodal pockets are in
fact equivalent and therefore one only need solve
the Schrodinger equation in one of them. This the-
orem is intimately connected with the existence of
a variational principle for the DMC ground-state en-
ergy [11]. There are no generally applicable tiling
or variational theorems for excited states, and there
may not even be tiling or variational theorems for
the lowest energy state of each symmetry [11]. It
is straightforward to show that if the trial wave
function has the exact nodal surface of an excited
states, then the DMC algorithm gives the exact en-
ergy of that state. The DMC method gives the lowest
energy consistent with the nodal surface of the
trial wave function, and therefore by using a trial
wave function with a nodal surface close to that
of an excited state we can obtain an accurate esti-
mate of the energy of the excited state. Excited-state
DMC calculations of this type have been performed
for both small molecules [7, 12] and extended sys-
tems [13, 14]. The absence of a tiling theorem for
an excited state means that in principle the energy
could depend on the nodal pockets within which
the Schrédinger equation is solved. However, expe-
rience shows that provided the trial wave function
is sufficiently accurate the loss of the tiling theorem
normally has an insignificant effect.

A DMC simulation proceeds as follows. First
we pick an ensemble of a few hundred configu-
rations chosen from the distribution |®7|? using
the standard Metropolis algorithm. This ensem-
ble is evolved in imaginary time according to the
rules of the importance sampled imaginary time
Schrodinger equation, which involves biased dif-
fusion and addition/subtraction steps. The bias in
the diffusion is caused by the importance sampling,
which directs the sampling toward parts of config-
uration space where ®r is large. After a period of
equilibration the configurations start to trace out the
probability distribution f(R)/ [ f(R) dR. We can then
start to accumulate averages, in particular the DMC
energy, Ep, which is given by

£ _ JfRE(R)dR
"7 Jf®)R

E; = &r(R)'H®r(R) is known as the local energy
and the configurations are distributed according to
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f(R)/ [f(R)dR. This energy expression would be
exact if the nodal surface of ®7 was exact, and the
fixed-node error is second order in the error in the
nodal surface of &7 (when a variational theorem ex-
ists). The accuracy of the fixed-node approximation
can be tested on small systems and normally leads
to very satisfactory results [2].

The trial wave function limits the final accu-
racy that can be obtained because of the fixed-node
approximation, and it also controls the statistical
efficiency of the algorithm. The DMC algorithm sat-
isfies a zero-variance principle, i.e., the variance of
the energy goes to zero as the trial wave function
goes to an exact eigenstate. It is essential to have
a reasonably accurate trial wave function, and we
use trial wave functions of the Slater-Jastrow form:

v = (Z ciDiTDil) exp(J), 3)

where exp(J) is the Jastrow factor and Dl.T and Dl.l
are Slater determinants of one-particle up-/down-
spin orbitals. We use Jastrow factors, which cor-
relate the motion of pairs of electrons, although
higher body correlations can also be included. The
Jastrow factor normally includes a number of pa-
rameters whose values may be varied to optimize
the wave function [15, 16]. The Slater determi-
nants of one-particle orbitals are usually obtained
from Hartree-Fock (HF) or density functional the-
ory (DFT) calculations or from multideterminant
quantum chemical calculations.

Although the computational cost of a DMC cal-
culation increases as only the third power of the
number of electrons, it increases much more rapidly
with the nuclear charge, Z, of the atoms. Estimates
range from a Z° scaling [17] to Z%° [18], which
rules out applications to heavy atoms. It is there-
fore normal to use pseudopotentials in DMC cal-
culations, which act to reduce the effective value
of Z. Norm-conserving nonlocal DFT pseudopoten-
tials often give very satisfactory results, although
HF pseudopotentials are a little better. Unfortu-
nately the fixed-node approximation conflicts with
the use of nonlocal pseudopotentials and so an ap-
proximation known as the locality or localization
approximation [19] is made, which normally works
very well.

The quality of the Slater part of the Slater—
Jastrow wave function is crucial because it usually
accounts for in excess of 90% of the electronic en-
ergy. For closed-shell ground states, a single pair of
up-/down-spin determinants is normally sufficient,
but for excited states a multideterminant trial wave

function may be necessary. DMC is a real-space
technique and the repeated evaluation of the trial
wave function (and its gradient and Laplacian) at
many different points in configuration space is the
most costly part of the calculation. One would like
to be able to evaluate the orbitals and their deriv-
atives at arbitrary points in real space as rapidly
as possible, and therefore the representation of the
single-particle orbitals is important for computa-
tional efficiency. One possibility is to store them on
grids and interpolate, but for large systems this re-
quires too much storage. A good compromise is
to use a localized basis set to represent the single-
particle orbitals and the most common choice is a set
of Cartesian Gaussian functions. The great advan-
tage of this representation is that one can interface
the DMC code directly to Gaussian orbital quantum
chemistry software packages such as CRYSTAL [20]
or GAUSSIAN [21]. All of the DMC calculations re-
ported here used the CASINO [22] quantum Monte
Carlo code.

This completes our brief introduction to the DMC
method. We have left out many technical details of
the calculations, and for more information on these
aspects the reader is directed to Refs. [2, 3].

Application to Ground States:
Carbon Clusters

The discovery and synthesis of the Cg ful-
lerene [23] has aroused a great deal of interest.
Fullerene clusters can now be synthesized in macro-
scopic quantities that may lead to the development
of new and useful materials. The main technique for
producing small carbon clusters is laser vaporiza-
tion of graphite followed by an annealing process,
which produces a broad spectrum of cluster sizes.
Other synthesis routes are also possible, and, for in-
stance, the smallest possible fullerene (Cyy) was re-
cently synthesized from hydrogenated CyoHyo clus-
ter by exposure to bromine [24].

Mass spectra of C, clusters produced by laser
vaporization of graphite show many clusters with
10 < n < 18, consisting mostly of monocyclic
rings, and 32 < n < 60, consisting mostly of
fullerene molecules [25, 26]. All of these clusters are
metastable in the sense that they have higher ener-
gies per atom than graphite, but they are believed to
be the lowest energy isomers for these values of n. It
is now widely believed that the fullerenes formed
by this procedure develop via a “fullerene road”
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mechanism [27, 28] in which small fullerenes grow
by the addition of carbon atoms.

We have attempted to establish the energetic
ordering of the even-numbered clusters near the
crossover to fullerene stability, thereby allowing us
to answer the question: Which is the smallest sta-
ble fullerene? This could shed light on the start of
the fullerene road and indicate limitations on which
isomers can be produced by laser vaporization. We
have studied carbon clusters containing 24, 26, 28,
and 32 atoms for which three classes of isomer are
energetically competitive: fullerenes, planar or near-
planar sheets and bowls, and monocyclic rings. The
number of candidate low-energy structures is large,
and therefore a hierarchy of methods of increasing
accuracy and computational cost is used to iden-
tify them. The initial selection, based on simple
bond counting and geometric rules, is refined using
quantum mechanical tight-binding [29] and den-
sity functional theory (DFT) calculations [30-33].
The final energetic ordering is established using the
DMC method. A number of earlier studies have
demonstrated the need for highly accurate calcula-
tions for obtaining the correct energetic ordering of
the clusters. For example, the DMC study of Cyg by
Grossman et al. [34] showed that the fullerene is not
the most energetically stable isomer, contradicting
the predictions of earlier less accurate DFT calcula-
tions.

As well as DMC calculations we have also
performed DFT calculations using the local den-
sity approximation (LDA), two gradient-corrected
functionals (PBE [35] and BLYP [36]), and a hy-
brid functional (B3LYP) [37]. The DFT calculations
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FIGURE 1. Structures and energies of the Co4 isomers
given relative to the Dg fullerene.
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FIGURE 2. Structures and energies of the Cog isomers,
given relative to the cage structure.

were performed using the CRYSTAL95 [20] and
GAUSSIAN [21] codes. Relaxed geometries were
obtained from DFT calculations using the B3LYP hy-
brid density functional and a large Gaussian basis
set. Tests show that although the relaxed geome-
tries are rather insensitive to the choice of density
functional, this is not the case for the energetic or-
dering of the clusters (see Figs. 1-3). For the trial
wave functions we used a single pair of up-/down-
spin determinants, except for the Cy ring where
we used a 43-determinant trial wave function ob-
tained from a configuration interaction calculation
with single and double excitations. Recently, Torelli
and Mitas have demonstrated the importance of us-
ing multideterminant wave functions to describe
the aromatic nature of n = 4N + 2 carbon rings [38]
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FIGURE 3. Structures and energies of the Cog isomers,
given relative to the spin-polarized fullerene.
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with N =1 — 4, but the effect decreases for larger N
and we did not find it very important for Cps.

The results shown in Figures 1-3 show that the
treatment of correlation has a significant effect on
the relative energies. All of the density functionals
give different orderings of the energies, and none
gives the same ordering as DMC. For Cy4 our DMC
calculations predict the graphitic sheet to be lowest
in energy, being 1.3(2) eV more stable than the Dg
fullerene and ring structures. The low energy of the
Cy4 graphitic sheet is expected because the struc-
ture is compact and accommodates a large number
of hexagonal rings without significant strain. As
smaller graphitic sheets are high in energy [33],
the Cy4 sheet is expected to be the smallest stable
graphitic fragment. For Cy the ring and sheetlike
isomers are close in energy, but the fullerene is
2.2(4) eV lower in energy and is therefore predicted
to be the most stable Cys isomer and the smallest
stable fullerene. The Cpg Ty symmetry fullerene was
found to be spin-polarized, in agreement with ear-
lier DFT and HF calculations. The spin-polarized
Cys fullerene is 4.2(3) eV lower in energy than the
ring and 3.2(3) eV lower than the sheet. This in-
dicates that isolated Cps fullerenes might be pro-
duced, possibly facilitating the production of Cog
fullerene solids [39, 40]. Our DMC calculations for
the C3; monocyclic ring and fullerene show that the
fullerene is 8.4(4) eV per molecule lower in energy,
which is consistent with the observation of a large
abundance of Cs3, fullerenes in a recent cluster ex-
periment [25].

In summary, this study has further demonstrated
the need for an accurate description of electron cor-
relation for the carbon cluster problem. We find the
lowest energy isomer of Cy4 to be a graphitic sheet,
which is expected to be the smallest stable graphitic
fragment. Our DMC results, combined with those
of Grossman et al. [34], predict a small window
of stability for sheet/bowl structures around 20-
24 atoms. We predict that the smallest energetically
stable fullerenes are the C;, symmetry Cy cluster
and the reactive, spin-polarized Cpg cluster.

Application to Excited States:
Hydrogenated Silicon Clusters

Hydrogenated silicon clusters may be used to
model the absorption and emission of light in quan-
tum dots [41] and porous silicon [42]. The optical
properties of these clusters are greatly influenced
by the strong electron—-hole interactions arising from

quantum confinement, and the accurate prediction
of their excitonic gap energies is a very challeng-
ing theoretical problem. These systems have become
important for benchmarking excitation energy cal-
culations and studies using many methods have
been reported, including empirical tight-binding
techniques, first-principles local density functional
methods, and many-body perturbation theory tech-
niques. We have calculated the excitonic states
of SiHy, Si;He, SisHiz, and SijoHje clusters using the
DMC technique.

We noted earlier that the quality of the trial wave
function is crucial for the success of a DMC calcu-
lation. For the ground states of the carbon clusters
discussed in the previous section, only a single
pair of up- and down-spin determinants was re-
quired, but to describe some of the excited states
of these small hydrogenated silicon clusters it is es-
sential to use a multideterminant description. There
are a number of quantum chemical methods that
could be used to obtain such a wave function, but
we have chosen to investigate the singles-only con-
figuration interaction (CIS) method [43]. CIS wave
functions consist of a linear combination of deter-
minants involving only single excitations from the
ground state. These wave functions can therefore be
resummed into a number of determinants equal to
the number of electrons in the system, which makes
the DMC calculations much more efficient. Such
wave functions can give a reasonable zeroth-order
description of the strong electron-hole interactions
that occur in hydrogenated silicon clusters.

For all of the CIS calculations in this study we
used the GAUSSIAN [21] package. Results for the
absorption spectra of the clusters calculated within
CIS are shown in Figure 4. The lowest absorption
energy decreases with increasing cluster size be-
cause of the reduction in quantum confinement.
Note also that the absorption for the SijgHi¢ cluster
is very weak in the low energy region.

In Figure 5 we plot the DMC and CIS energies
of the lowest triplet and the lowest bright (dipole-
allowed) singlet transitions against cluster size, to-
gether with the available experimental data. The CIS
singlet excitation energies are too high because the
correlation energy, which is poorly described in CIS,
is larger in the excited states than in the ground
state. CIS also overestimates the singlet-triplet split-
ting because, for the triplet, electron-hole corre-
lation is dominated by the exchange interaction,
which is well described by CIS, while for the singlet
the electron-hole correlation is more important. The
DMC singlet energies are lower than the CIS values,
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FIGURE 4. Absorption spectra of SipHp, clusters
calculated within CIS and artificially broadened by
0.04 eV. The vertical dashed lines indicate the highest
energy to which the spectra were calculated.

although still a little larger than the experimental
ones. The comparison with experiment is unfortu-
nately not straightforward because of the breadth
of the measured absorption peaks and the likely
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FIGURE 5. Energies of the lowest triplet and bright
(dipole-allowed) singlet transitions from CIS and DMC
calculations together with the available experimental
data, versus cluster size. The experimental data for the
singlet states of SiH4 and SioHg is from Itoh et al. [44],
while for SisH2 it is from Fehér [45], while the data for
the triplet state of SiH, is from Curtis and Walker [46].

role of vibrational and Jahn-Teller effects. All of the
excited states shown in Figure 5 are orbitally de-
generate and therefore subject to Jahn-Teller distor-
tions, which are not included in our calculations and
would tend to reduce the calculated lowest excita-
tion energies. One cannot rule out other possibilities
such as effects due to the vibrational energy levels,
or some residual bias due to the use of CIS trial
wave functions in the DMC calculations. Our DMC
values for the excitation energies are a little higher
than those of Rohlfing and Louie [47], who solved
the Bethe-Salpeter equation (BSE) using the results
of GW self-energy calculations. Recently, however,
these authors have found that the neglect of the off-
diagonal matrix elements of the self-energy in their
work led to some inaccuracies, and that inclusion of
these terms increased the lowest singlet and triplet
excitation energies of SiHy by 0.4 and 0.8 eV [48],
respectively, which brings their results into much
better agreement with ours. Grossman et al. [48]
also calculated excitation energies of SiHy using the
DMC method, obtaining results in good agreement
with ours.

In summary, we have shown that the DMC
method, combined with suitable methods for gen-
erating trial wave functions, is a viable and accurate
method for calculating the excited states of hydro-
genated silicon clusters. The need for sophisticated
trial wave functions has been emphasized and we
have shown that the quantum chemical CIS tech-
nique can provide suitable zeroth-order approxi-
mations in these systems. CIS wave functions have
properties that make them highly suitable for use in
DMC calculations, and they are sufficiently compu-
tationally tractable to allow the construction of ac-
curate trial wave functions for quite large systems.
The techniques described here will therefore allow
application of the DMC method to excited states of
a broad range of systems with strong electron-hole
interactions.

Conclusions

In conclusion, we have given a brief overview
of the diffusion quantum Monte Carlo method and
described how it provides a unified framework for
studying ground and excited states. We have de-
scribed the application of the DMC method to two
problems in cluster science: the ground-state ener-
gies of carbon clusters and excited-state energies
of hydrogenated silicon clusters. The DMC method
is reliant on the availability of a reasonably accu-
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rate trial wave function, and for many purposes
the Slater—Jastrow form is sufficient. For closed-shell
ground states a single determinant of Hartree-Fock
or local density approximation (LDA) orbitals is
often sufficient, although for excited states multide-
terminant wave functions are sometimes necessary.
We have found that a multideterminant CIS wave
function gives a good trial wave function for excited
states of hydrogenated silicon clusters.
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