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In the elastically isotropic model of a solid body, allowance for compressibility and for interaction
with acoustic phonons leads to a first order phase transition in those cases in which, without allow-
ance for acoustic effects, the heat capacity becomes infinite. Near the transition, the thermodynamic
derivatives remain finite but have an anomalous dependence on temperature.

1. INTRODUCTION

IN many cases, phase transitions in solid bodies are
transitions of first order but nearly of the second. The
nearness cannot be accidental; it is due to the fact that
near a second-order transition point, the lattice be-
comes unstable. It was Rice!*! who first called atten-
tion to this instability (see also!?!). He noted that in
case the heat capacity at constant volume becomes in-
finite at some temperature dependent on the density,
then in the vicinity of the transition temperature 3p/aVv
is proportional to the heat capacity and is positive.
Consequently, the singular point lies in a region of ab-
solute instability, and the transition must be of first
order.

However, the assumption that the heat capacity at
constant volume becomes infinite is incorrect. This is
because allowance for motion of the centers of the cells
leads to additional interaction by exchange of acoustic
phonons!®*!, This interaction has a singularity at small
momentum and therefore influences the character of
the transition. Thus Fisher!®) supposed that in a lattice
that is being compressed, Cy is finite and it is the
heat capacity Cp that becomes infinite, and the transi-
tion remains a second order transition. It is shown be-
low, for the case of an elastically isotropic model, that
this assumption is justified only in the unreal case of
a vanishing compression modulus. With a nonvanishing
compression modulus, a first~order transition occurs.
The temperature dependence of the heat capacity, the
spontaneous moment, the compressibility, and the
susceptibility is found. Near the transition these quan-
tities remain finite, but under small strain they change
appreciably within a narrow temperature range.

2. THE HAMILTONIAN WITH ALLOWANCE FOR
ACOUSTIC PHONONS

In each cell of the crystal, it is possible to choose
a certain generalized coordinate 7nj, whose mean value
is a parameter of order n. For example, in ferroelec-
trics 7nj is proportional to the distance of the central
atom from the center of the cell; in quartz, to the dif-
ference between the distances of neighboring oxygen
atoms from the axis. Without allowance for acoustic
oscillations, in the ‘‘clamped’’ case (zero deformation),
the simplest form of Hamiltonian of the system has the
form

H= 3 (—mhz—i—.?i-bm")-i‘ 2 Vey(mi— ) 1)
1 1)

When the parameters a and b are small, the Hamil-
tonian (1) corresponds to transitions of the displace-
ment type; when they are large, to transitions of the
order-disorder type. Thus if a = b >> T, the important
values of 7j are those near +1, and the Hamiltonian
(1) differs little’®! from the Hamiltonian of the Ising
model,

It is assumed below that the system described by
the Hamiltonian (1) has, at a certain temperature TOC,
a second-order transition point with an infinite heat
capacity. Near T%; the free energy depends only on the
difference T — Tg:

~
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For T — T% the function f evidently has, just as in
the Ising model, the form A|T - T¢ |7 ®, a & Y
There is also possible a behavior of the form

-A(T - T¢) In | T - TE|. If the parameters of the
Hamiltonian (1) are such that there is a region of ap-
plicability of the self-consistent field approximation,
then in this region the singular part of the free energy
is proportional to | T - T |2,

With allowance for interaction with long-wave
acoustic phonons, which are described by a vector field
ug(r), the Hamiltonian of an elastically isotropic solid
body can be written in the form

1 L \[Oug\?, (0uq\?
1= 3 {(gro= ) (52) +0(5)
+<'—a—qg’%>mz+%bm‘+§ Vu‘(ﬂi“"]j)z}- (3)
Here K, and u are the nonsingular parts of the bulk

and shear moduli.

3. THE GIBBS THERMODYNAMIC POTENTIAL

The Gibbs thermodynamic potential is determined
by the formula
1 O (r
= —TIn Sdnidua(r)exp{-——T—[H—gaﬂ 27_#]} (4)
(Here and hereafter, the product sign with respect to i,
a, and B is omitted.) We separate out the uniform-

deformation tensor ugg:

e, 1 .
L;ril‘) = Uqp + Wkéoikpum(k)exp(zkr), (5)
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where N is the number of cells in unit volume. On
substituting (3) and (5) into formula (4), we get

1
= —T'ln § dutog dn; dua (k) exp {— — [?Kouamz
0

+ p(uap — */s8apitvy) 2 — Ouplipe + (1/2Ko + 2/sll) [ kotta (k) |2
2} (a+ quaa + qikana (k) e 02

m)z]}- (6)

We calculate the Gaussian integrals over uy(k) and
over the shear part of the tensor ugg. The result is

1
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Here &, is a smooth function of temperature, and the
pressure p =—730qq. The dependence of & on the
shearing stress is described by the second term of
formula (7), which, in the model being considered, has
no singularity, and which will hereafter be included in
&,. The last term in formula (7) acquires the same
form as the next-to-last if we add to it a term

+ 4/sn) 1 (Z ﬂ12>2 .

For this purpose, we make in the integral over ugyy
the substitution

3Ko+4p | ( ‘V 4p P
- v (11— — 22— 8
o = K0 T A 3[\’0—{—4u>§ TR ®)

whereupon the expression (7) takes the form

—(1/2N) ¢*(K
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The integral over 7nj differs from the corresponding
integral in formula (2) only by redefinition of the con-
stants a and b. The integration over v can be carried
out with statistical exactness by the method of steepest
descents. As a result, we get the expression for & in
parametric form

_P* | 1 3K +i4p v—p _ ¢
O = 2K0+ 2 4pkK, v2+F<a+q K, ’ ’ Ko+/sp >’
(10)
o® [ Jv = 0. (11)

When the shear modulus p vanishes (as, for example,
in the one-dimensional case), it follows from equation
(11) that v = 0; then the thermodynamic potential &
differs only by a change of parameters from the free
energy F found without allowance for acoustic motion.
When p = 0, the character of the transition changes.
The nonsingular part of F will lead to some change
of the first three terms in formula (10) and will be
disregarded below. In the singular part, what is of
greatest importance is the dependence of T°C on the
parameter a, and therefore the singular part of F is
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determined by formula (2), in which T°C varies
smoothly with the parameter v. On introducing instead
of v the new parameter

1 (T—Tc° q 6Tc

T T K a PO

we find the dependence of & on T in parametric form,

© = 0= 1 i) 45 (T —2) ] (2)

oM [ dx = 0,

=

where
4uKoc? g 0T
=_— =
Tc0(3Ko + 4p) Ko da

As will be shown below, the constant ¢ is equal to
the derivative of the transition temperature with re-
spect to pressure.

The expression (12) can be rewritten in the form

2 A
0= 0y~ Lot 7ei| —1@)+ 5 (@2,

T—Tc—cp ,
T =z — Af'(z).
If the heat capacity of the system without allowance

for acoustic phonons becomes infinite, then f” in-
creases at small x. In this case it follows from the
second equation of (13) that T is a nonmonotonic func-
tion of x. Therefore x and consequently & are non-
unique functions of T. The potential & as a function of
T is shown in the figure. The singular point of @,

(13)

L4 -00

4 —T;

corresponding to x = 0, is in the region of absolute in-
stability. The temperature of the first-order transi-
tion is found as the point of intersection of the two
branches of the thermodynamic potential and is deter-
mined from the system of equations

T(z-) = T(z4), @(z-) = D(ay). (14)

Since x. and x- are independent of p, the constant c
in (13) is equal to the derivative of the first-order
transition temperature with respect to pressure. If the
singular part of the potential & is symmetric with re-

spect to the transition point, then x. = —-x,, and the
temperature of the first-order transition is
Te =T+ cp. (15)

4. THERMODYNAMIC DERIVATIVES

On differentiating the thermodynamic potential with
respect to temperature, pressure, and the external
field h, we get for the thermodynamic quantities the
expressions
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(16)

In these formulas, the parameter x must be expressed
in terms of T by means of the second equation (13).

In a state of thermodynamic equilibrium, the permis-
sible values of x are determined by the inequalities
X = x+ and x = x_ above and below, respectively, the
point of the first-order phase transition. The meta-
stable region is contained in the temperature interval
T(%X.), T(X.), where X_ and %, are found, in accord-
ance with (16), from the equation

1 —af’(z) = 0. 1m)
The maximum extent of the temperature hysteresis is
8T = T(%-) — T(%y). (18)

It is clear from formulas (16) that all the thermody-
namic quantities remain finite at the transition point.
But the heat capacity Cp, the hydrostatic compressi-
bility coefficient 1/K, and the coefficient of thermal
expansion (8V/9d T)p may be anomalously large in the
vicinity of Tc, if the values of f”(xy) and of £"(%})
are close to each other.

5. THE CASE OF A LOGARITHMIC BEHAVIOR OF THE
HEAT CAPACITY

We shall consider in more detail the case in which,
without allowance for acoustic motion, the heat capacity
increases logarithmically, while the spontaneous mo-
ment and the susceptibility vary with temperature ac-
cording to a power law. Then

" Af 6 A2
f"(z)= —An|z|, %zle] 8(—x), W:Bih:l’“’.
1 z>0
9(’)“{0 z<0. 19)
The parameter x, in accordance with (13), is found
from the equation
T—Te _ghom =2 (20)
Tc z

where x,. and also the values of X, and 6T are given
by
ry = —z_=-exp (1 —1/A4}),
Fy = —%. = exp (—1/A4}),
8T == 24A%: Te.
In two limiting cases, we get from (20) an explicit form
for the function x(T):
T—7T¢ Te 1
To ' L=<

2\ T —Teh\ . . . .
x+exp(~L;6—T~L')s1gn(1_70), |T — To|<<T.

(1)

z(Ty= 22)

On substituting (19) into (16), we get
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<0_P> _ ( +3_K_o> Aln|z|
T /v 1 — AM(3Ko/4p)In|z|’
M (T) _{BTC( )b, <0
oh 0, x>0
72D (T Y 2 (—a)*~? .
_ oh( ) |B.To(— )Y + TcAp*B? T O] z<0: (23)
B+Tcz‘V, z> 0.

In the temperature range | T - T¢| > 6T, x in
formulas (23) can be replaced, with logarithmic accu-
racy, by (T - Tc)/T¢. Then if Ax In | T¢/(T - T¢)|
<1, the singular parts of the heat capacities Cp and
Cv and of the coefficient of thermal expansion are
proportional to In | T/ (T — T¢)|. The susceptibility
and the spontaneous moment in this temperature range
behave the same as in a phase transition of the second
kind.

When 2A In |Tc(T - TC)| approaches unity, the
thermodynamic derivatives Cp and (3V/a T)p in-
crease faster, according to the law

Tc \[ Tc ]
In——— —AAIn—————1 .
< n T—70] }/ 1 Aln [T—1Ty]

This law ceases to be obeyed in the temperature
range | T — Tc| ~ 6T. At the transition point T = T,
the quantities Cp, (8V/3T),, 1/K, and 1/Kaq take the
large but finite values

1 av To(1 | 3\
o=t (5),~ R+,
P =0 aT A \K, ' 4

1 1 1 /1 3 1 1 1 /1 3
=rtmE ) E;:fﬁm(x—,,hu) cp( 7 @4)
The jumps in entropy and in volume at the f1rst—
order phase transition are
e 8T 6T
—_ . oI Pl
= A T, e{Co(Tc)— €y 7o
ec T av
OV — o T — 3(57 e oT. 25)

Here e is the base of natural logarithms.
A physical consequence of the general loss of sta-
bility of the system in the neighborhood of the first-
order phase transition is the presence of a temperature
interval, near T(C, in which Poisson’s ratio
0 = (3K - 21.)/2(3K + i) becomes negative. At these
temperatures, any unidirectional tension causes a
hydrostatic expansion of the material. The isothermal
Poisson’s ratio is
2(3Ky— 2p) — 9Kord In|z|
43K+ )+ KA A In|z|

(26)

A necessary condition for the existence of a negative
o is the inequality

2A < (3Ky + 4p) | 9K,. 27)



894 A, I.

It is seen from (26) that o(T¢)# -1 for finite AA. The

temperature interval in which 0 = 0 is determined by

the inequality

3Ky + 4n — 94K,
182 AK,

8T exp Ko + (28)

—Te|<
IT—Te|< 91 AK,

and may be much larger than the extent of temperature
hysteresis 6T.

The thermal coefficient of pressure at the transition
point has no jump and is given by

oT _0Tc 4rAp L
<6p )V T ap [ +(1—;.A)(31(0+4u)]

At small )\A this differs little from the rate of
change of TC with pressure along the curve of phase
equilibrium. At the boundary of the metastable region,
(3aT/8p)y =3 Tc/op.

29)

6. GENERALIZATION OF THE MODEL; THE ISING
MODEL

The model considered above, described by the
Hamiltonians (1) and (3), is convenient because it en-
ables us to obtain the quantitative results (16) with only
a single assumption. It was assumed that the heat
capacity corresponding to the Hamiltonian (1) becomes
infinite. Such a model describes well transitions of the
displacement type!®"), in which the departures of the
atoms from an equilibrium position are small and it is
possible to limit consideration to anharmonic terms of
the simplest form. In this case the interaction by ex-
change of acoustic phonons has the same form as the
direct interaction. In transitions of the order-disorder
type, the dependence of the energy of one cell on the
coordinate nj is described by some function U(nj) with
two minima. After elimination of the acoustic phonons,
the form of this function changes somewhat. On the
assumption that without allowance for acoustic phonons
the heat capacity becomes infinite according to a law
that does not depend on the specific form of the function
U(ni), we obtain formulas (12) in this case also.

In the case of the Ising model, the Hamiltonian can
be written in the form

Qg
;};) VijO'iGj} .

S{(g o= 5o e n( 2 )+ (144
ij

After elimination of the acoustic phonons we obtain,
analogously to formula (7),

1
® = —71n | duasSp exp{—T—{ SV (1 4 Qas) Viioio;
ij

qZ 2

et RGNS
(30)

The function Wijj;y decreases rapidly with increase of
the distance i—1 and is determined by the contribution
from short-wave phonons. On repeating almost without
change the derivation of (8) and (9), we obtain formulas
(12) in this case also. We remark that the very fact of
a first-order transition in the elastically isotropic
model considered follows from the assumption that the
heat capacity becomes infinite even in the presence of
four-cell interaction. It seems to us reasonable that
addition of a third term should not change the form of
the singularity in the heat capacity. In this case the
function f(x) is universal, and formulas (23) are correct
at small strain.

1
+ ?Kouaaz + 2 WiimVij0:0;Vim0i10m +

im
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7. TRANSITION IN BINARY ALLOYS

The Ising lattice in a longitudinal magnetic field is
a model of phase transitions in binary alloys, in which
a change of symmetry is connected with a change of the
order of the crystal!®*), In such a system, there oc-
curs a phase transition of ‘‘antiferromagnetic’’ type;
the case of equal numbers of atoms of different sorts
corresponds to the absence of a magnetic field.

In this case the results obtained above are unchanged.
If the concentration differs from the stoichiometric,
then it is convenient to introduce, instead of the con-
centration difference n, the chemical potential, which
is equivalent to an external magnetic field h in the
Ising lattice. We shall assume, in conformity with the
results of numerical calculations'®), that the magnetic
field has no influence on the nature of the antiferro-
magnetic transition but only diminishes the transition
temperature. It is therefore reasonable to assume that
at constant h, the thermodynamic potential with allow~
ance for acoustic phonons, in accordance with (12), has
the form

Q(h.T; p)= N  RYT
s\ i, p)= 2K, 27 O f(x
) Tc( T—T—cp Z>z
T\ T o)
09 | 6z = 0. (31)

The difference n in the number of atoms is found from

the condition
n = —oQ [ oh. (32)

It follows from (31) and (32) that the thermodynamic
function & = +hn at fixed n is

n? T T—T—ecp On2y
o p D)= gk g Tl zf<' e T )
T—To0—
) (33)
where ¢ x

=1 —4T%0%2 [ 3.

As is evident from (33), at a sufficiently large con-
centration difference n, corresponding to negative i,
x and ® are single-valued functions of T, and the sys-
tem undergoes a second-order phase transition at
temperature TC =T¢ + cp - T%@n x 2

The thermodynamic quantities Cp, (8V/aT)p, K,
and Kaqd are given by formulas (16), in the denomina-
tors of which it is necessary to make the substitution
A —x. In the expressions for Cy and (8p/dT)y, it is
necessary to make the substitution ABKo/4u)

— A (8Ko/4u) + 4TC® :2y™%, In a second-order phase
tran51t1on when'X <0, the quant1t1es Cp, Cv, K7,

Ko (aV/aT Jp, and ( Bp/a T)y remain flmte at the
transition point.

8. MAGNETIC TRANSITIONS

So far we have considered only the classical expres-
sion (2) for the free energy. The assumption of clas-
sicality is not essential to the result. We consider, for
example, the Heisenberg model of a ferromagnet with
allowance for acoustic phonons. The Hamiltonian of
the system in this case is

H=(1+ qum)H(,jL—ulm T+ Z [ igkatio (k) 3] ViiS:S;eier)

kq&O ij
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(B 2 0) a9 2]
Hy= 3 ViSS;.
ij

flere Sj is the quantum operator of the spin at the site
with coordinate rj.

In the expression for the free energy F =-T In Sp
exp (-H/T), the Gaussian integrals with respect to
uy (k) cannot now be calculated directly, since the
operators with different k that enter in H do not com-
mute with each other. Therefore we use the diagram
analysis of perturbation theory!*®), We shall assume
that the character of the transition will be the same as
in the usual Heisenberg model with Hamiltonian H, in
the case in which the diagrams for the effective inter-
action have no singularities at small momenta. Inter-
action by exchange of phonons is absent when the mo-
mentum exchanged is zero, but has a nonvanishing
limit for k — 0. To remove this singularity, we add to
the Hamiltonian a term —%,vHZ which describes a
four-spin interaction with zero transferred momentum.
We choose v so that the complete interaction has no
singularity at small k. As a result, we write H in the
form

(34)

H = H +EH + YowH + Yokottosd, (35)
where £ = qugg and v = q%/ (Ko + ¥3u)N.

The Hamiltonian H leads to diagrams that have no
singularities at small k. The singular part of the free
energy corresponding to it has the form (2). The
second term in formula (35) does not change the form
of the singularity but leads only to a change of the
transition temperature. Consequently, if we consider
v and £ as independent parameters, we can write
F(v = 0) in the form
T—T

- (36)

o K,
F(V_O)__Tcof( —g§>+?uaaz~
At small strain the constant g is close to unity.
In order to determine F for v # 0, we use a formal
method presented in!''!, With statistical accuracy, the
mean square { H3) is identical with the square of the
mean  Ho)? Therefore the function F satisfies the
equation
oF OF \2
&= (%)
and the initial condition (36).
The solution of this equation can be described in the
parametric form
—_ 0 2
Fe —2:? T—TCFTC_—gg—z) — T(x), %:0.
On substituting the values of v and £ and expressing
Uy in terms of the pressure p by use of the equation
p=-9 F/auaa, we get for the thermodynamic potential
the Gibbs expression (12). Thus allowance for quantum
effects makes no change in the results obtained above,
and all the thermodynamic quantities in a ferromagnet
are determined by formulas (16).
The same result is obtained also for a magnetic
transition in metals, if the interaction with phonons is
taken into account according to Frohlich’s model. The

(37)
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Coulomb interaction, however, complicates the situa-
tion in a metal, and therefore this problem requires
special treatment.

9. CONCLUSION

The results obtained above pertain to the elastically
isotropic case. Small deviations from isotropy will
lead to small corrections but do not affect the results
obtained. In the majority of cases, the anisotropy is
not small. It may be supposed that the qualitative re-
sults and the order-of-magnitude estimates will be
correct even in the general case.

It is to be expected that a first-order transition will
occur when

1 4uk, (6Tc

2
— —) ACp > 1,
Te 3Ko+ 4n > v

o (38)

where ACp is the anomalous part of the heat capacity
of unit volume. In many cases it may be assumed that
without allowance for acoustic phonons, the heat
capacity will behave in the following manner: not very
close to the transition, the heat capacity is described
by Landau’s phenomenological theory and has a jump;
with approach to the transition temperature, correla-
tion corrections proportional to | T - T¢|™/2 become
important; in the immediate neighborhood of a transi-
tion point of the second kind, the heat capacity becomes
infinite according to a law close to the logarithmic.
Depending on the values of the quantities that occur on
the left side of formula (38), a first-order phase transi-
tion has various characters. If the left side exceeds
unity even in the phenomenological region, where AC
is the jump in heat capacity, then the first-order phase
transition can be described by the approximation of the
self-consistent field!*?], If it is less than unity, but
close to unity, then the first-order transition is de-
scribed by formulas (16), where f”(x) can be calcu-
lated in the first approximations of the self-consistent
field.

At small strain, the first-order transition occurs in
the asymptotic region, where f”(x) has a form close to
—A In |x|. In this case the thermodynamic quantities
are described by formulas (23). For example, in quartz,
KH PO, and NH,C1 the quantity Ax that occurs in
formula (23) ~%. Then the temperature hysteresis
5T ~ 0.1K, in agreement with experimental data. The
change of the adiabatic moduli in these substances is
of the order of the moduli themselves, in agreement
with formulas (23). In quartz there is also observed!'*!
an anomalous behavior of Poisson’s ratio, which be-
comes negative near the transition over a temperature
range considerably exceeding the temperature hystere-
sis.

In triglycine sulfate and some magnetic materials,
A = 0.1. Therefore the left side of formula (38) is
less than unity over the whole experimentally attainable
range of temperatures. In this range, the heat capacity
behaves the same as for a second-order phase transi-
tion, but the anomalous additions to the elastic moduli
are small, in agreement with experiment. In these sub-
stances the values of 8T, 6S, and 8V, in accordance
with formulas (21) and (25), are exponentially small
and not observed experimentally.
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For a quantitative test of formulas (23) it would be
interesting to know the behavior of the heat capacity
and the elastic moduli in substances with small aniso-
tropy; for example, in Y3Fes0;..

In closing, we thank V. G. Vaks and D. E. Khmel’nit-
skil for fruitful discussions, and also I. E. Dzyaloshin-
skil and V. L. Indenbom for useful discussion of the
results obtained.

10. K. Rice, J. Chem. Phys. 22, 1535 (1954).

2C. W. Garland and R. Renard, J. Chem. Phys. 44,
1120 (1966).

®V. G. Vaks and A. I. Larkin, Zh. Eksp. Teor. Fiz.
49, 975 (1965) [Sov. Phys.-JETP 22, 678 (1966)].

*V. L. Pokrovskii, Fiz. Tverd. Tela 10, 3594 (1968)
[Sov. Phys.-Solid State 10, 2852 (1969)].

®M. E. Fisher, Renormalization of Critical Expon-
ents by Hidden Variables, Preprint, Baker Laboratory,
Cornell University, Ithaca, New York.

‘p.w. Anderson, Physics of Dielectrics (Russian

LARKIN and S. A. PIKIN

Transl.), AN SSSR, 1960, p. 290.

"V. G. Vaks, Zh. Eksp. Teor. Fiz. 54, 910 (1968)
[Sov. Phys.-JETP 27, 486 (1968)].

8G. F. Newell and E. W. Montroll, Rev. Mod. Phys.
25, 353 (1953).

°C. Domb and A. Miedema, in Progress in Low
Temperature Physics (C. J. Gorter, editor), Vol. 4
(North-Holland, 1964), p. 296.

1%y, G. Vaks, A, I. Larkin, and S. A. Pikin, Zh. Eksp.
Teor. Fiz, 53, 281 (1967) [Sov. Phys.-JETP 26, 188
(1968)].

A, A. Vedenov and A. I. Larkin, Zh. Eksp. Teor.
Fiz. 36, 1133 (1959) [Sov. Phys.-JETP 9, 806 (1959)].

12C, P. Bean and R. D. Rodbell, Phys. Rev. 126, 104
(1962).

13y. G. Zubov, Dissertation, Moscow State University,
1963,

Translated by W. F. Brown, Jr.
190



