NATURAL SCIENCES TRIPOS Part II

Wednesday 18 January 2012

THEORETICAL PHYSICS I

Answers

(a) The x position of mass my is given by

"= z+lsing
¥ = i+ldcose
o = 32 + 2lip cos ¢ + 129 cos® ¢

The y position of mass my is given by

Y —lcos ¢
y = l{é sin ¢
y'/2 — l2$2 Sin2 ¢
The total kinetic energy is therefore
Loy 1 .2 - 212
T = gt + g™m2 (m + 2ltpcosp + =g )

and the potential energy is
V = —mgygl cos ¢
(TURN OVER for continuation of question 1



Hence the Lagrangian is given by

1 1 . .
L=T-V = §m1x'2 + 3m2 (:'62 + 2lz¢pcos P + 12¢2) + magl cos ¢

(b) The canonical momentum conjugate to x is

oL .
Pr = = = (mq + mo)x + mayle cos ¢
ot
Using the associated Euler-Lagrange equation
. doL IL 0
Pr=4to: ~ 0z ~

SO p, is a conserved quantity.
The canonical momentum conjugate to ¢ is

oL .
= — = myl?¢ + 2li cos
Ps =7 3 217 ¢
Using the associated Euler-Lagrange equation
L L .
Dy = %g_gb = g—¢ = —mpalrpsin g — maglsin ¢

SO pg is not a conserved quantity.

(c) Using conservation of p,
0= (m1+mo)t + mglq'ﬁ cos ¢
Integrating this we find
A = (my 4+ mg)x + malsin ¢
where )\ is a constant. Using the expression for ’ above we therefore find

(m1 + mg)ZL’/ — A

mll

sin ¢ =

Re-arranging the expression for y’ we have
[

cos ¢ =

Squaring and summing these we find

(m1+m2):£’—)\ 2+ y_’ 2:1
mll )

which, as required, is an equation for an ellipse.
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(d) Energy is conserved so
1 1 : :
E=T+V = §m1$2 + oM (x’2 + 2l cos ¢ + l2¢2) — magl cos ¢ (1)
Substituting for & from part (c) we find

E:lmf&CM+mﬁw¢
2 my + Mo

) — mogl cos ¢

Re-arranging this expression for ¢ we find

dqﬁ E + msgl cos ¢ Mo + My
dt Tmyl “my + mesin® ¢

Hence, integrating, we find

_ Mo /¢2 a0 my + me sin® ¢
oV 2(mg +my) Jo E + maygl cos ¢

(a) The transformation

r = X+ X2+ 205XP + asP?
p = P+ 3 X?>+206,XP + (3;P?

will be canonical if the Poisson bracket
Or Op Oz Op

tnrher = 559~ oPox =
= (14201 X + 203 P)(1 4 26, X = 2033P) + higher order terms

14+ 2(oq + f2) X + 2(ae + f5) P + higher orderterms

Therefore we must have §, = —a; and (3 = —as.
(b)
(X + 61X2 - 2Q1XP + Oé2P2)2 1

K(X,P) = + §mw2(X + a1 X? + 20, X P + a3 P?)?

2m
+ AX 4+ a1 X%+ 200X P + a3 P?)?
P2 1
= 5t gmw WX+ X3 (agmw? + ) + P3(— m)

S

2
+ XP2(—ﬂ+oz3mw )+PX2( + 2aymw?)
m

Hence we must have
A 2 A

ox, = —Fc &2:0,0é3:———2
mw m mw
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hence
2 P2
= X- ey 2
mw mmw
2
p = P+—)\2XP
mw
(c)
X oK P
dt 9P m
dpP oK 9
_— = - = X
T ax
Hence

P = Acos(wt+ ¢)

X = 4 sin(wt + @)
mw

(d) Using definitions for X and P from part (c)

2 pe
r = X—L(X2+— 5)
mw m mw
2
p = Pt 2 xp
mw

Substituting for X and P from above we find that x and p now have

components oscillating at 2w .

3 The Euler-Lagrange equation is:

d <8L> —8_L:€V(’UA)—GVQb:e('vV)A+€[UX(VXA>]_€V¢

dt \ov ) oz

Then using
dA 0A
bl .V)A
i = o T VA

we obtain the equation of motion

d A
(ZZ;U) = _688—15 —eVo+evx(VxA)]=eE+evx B,

as expected.

The equation of motion of a physical particle is determined by the physically
observable fields E and B. However the potentials ¢ and A which determine these
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5

fields and contribute to the Lagrangian function are not unique. If we add the
gradient of an arbitrary scalar function f(x,t) to the vector potential A, i.e.
af
! 0:)3,
the magnetic flux density B will not change, because curl Vf = 0. To have the
electric field unchanged as well, we must simultaneously subtract the
time-derivative of f from the scalar potential:

of
ot
The invariance of all electromagnetic processes with respect to the above

transformation of the potentials by an arbitrary function f is called gauge
MVariance.

¢ =

(a) Using the given expressions for A and ¢, the Lagrangian becomes

1 . .
L =-m(i® +120% + %) — eAz® + epr?0.

2

The E-L equation corresponding to coordinate r is then:

d(mr . . .

7(217”) = mro® + 2eurd = rflmo + 2epu),
and for 6: J

7 [mrzé + e,urﬂ =0,
and for z:
dim:
(ZZ) =—2elz =i+r2=0, K'=2e)\/m.

(b) Because L does not depend explicitly on ¢, the total energy as given by
the Hamiltonian of the system is conserved, dH/dt = 0. In general

H= Z g—;q‘i — L.
with here ¢; = (1,0, z). Hence the total energy of the particle
E = %m(i’z + 7207 + 32) + er2?
is a constant of the motion.
(c¢) From the E-L equation for (t) above, we have immediately that
J =m0 + epr® = r*[mf + ey
is another constant of the motion (generalised angular momentum).
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(d) If r = R, then 7 = #* = 0 and from the above equation for r we obtain
0 = —2eu/m =constant, i.e. circular motion around the z axis with constant
angular velocity. In terms of the z coordinate, the particle undergoes simple

harmonic motion, z(t) = asin st + bcos xt, with average value z = 0.

(e) The time for one rotation around the z axis is T = m/(2eu). Suppose
kT = 27mn, i.e. A = (2eu®/m)n?. Then the period of rotation around the z
axis is an integer multiple of the simple harmonic oscillation in the z
direction, i.e. the two motions are in phase.

4 We start from the Euler-Lagrange equations for ¢:

oL 90 oL _5 oL
dp  Oxr \3(0p/0xr) ) — FO[0.¢]
which immediately gives
2, au " 2 02_()0 2 2
—me=0"0,p = OMOp+mip=0 = at2—V<p+mg0—0.

The Fourier transformed field @(k,t) is defined by

o(@, 1) = / &Pk (K, t) 6.

Substituting into the equation of motion gives

Po 2 12y~
W—i—(m +]€)30:0.

Define w = ++v/m? + k2. Then
o(k,t) = a(k)e ™" + b(k)e™".
The reality of ¢ requires b(k) = a*(—k). With

1

1 1 1
L= 5@“%)(@%) - §m290% + 5@“%)(@%) - §m290§ + gp1p2

we now have two equations of motion, corresponding to the E-L equations
corresponding to ¢; and gy respectively:

MOup1 + m*e1 — gps =0, 0M0,4pa + m*p; — g1 = 0.

Now define two linear combinations of the ¢; fields: ¢+ = ¢1 £+ ¢o. By adding and
subtracting the above two equations of motion, we obtain two corresponding
equations for the yp:

Oupr + (M = g)py =0, 0"9up— + (m* + g)p_ =0.
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Note that these are now decoupled, and so we can solve them as we do for the
normal (massive) Klein-Gordon field. Thus

pi(T,t) = /d3kz [ai(k)eik'm—iwit + a*i(k)e—ikm—l—iwit}
where the frequencies w, are given by
wi =k +m’Fg>0.

It is now straightforward to recover the solutions for ¢, and @s:

1 . . . .
o1 (@, 1) = / d'k N ()5 [ay ()™= +a_(k)e™ ™" + ]

oo, 1) = / Pk N(k)% lay (ke ==t — q_(k)e™™ -t e

To solve for the fields for the given boundary conditions at ¢t = 0, we first
transform these into boundary conditions on . :

QO+($, O) = @—(wv O) = ASll'l(q ' CC), Sb-l-(wv 0) = Sb—(wv O) =0.
This suggests looking for real solutions of the form:
v+ = sin(q - @) cos(wst) + B sin(wit)]

where now wy = v/¢?> + m? F g. Evidently the boundary conditions are satisfied
for « = A and = 0. Hence

p1(x,t) = gsin(q - ) [cos(wyt) + cos(w_t)],

po(x,t) = ésin(q - x)[cos(wyt) — cos(w_t)].

Note that in the limit ¢ — 0, 2 — 0.

) The relationship between symmetries and conserved quantities, and the
effects of symmetry breaking, are amongst the most important in theoretical
physics. Noether’s theorem is an important general result, which tells us that there
is a conserved current associated with every continuous symmetry of the
Lagrangian, i.e. with symmetry under a transformation of the form ¢ — ¢ + dp
where dy is infinitesimal. Symmetry means that £ does not change under this field
transformation.

oL. oL, oL
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Qo

where

0
= —0
) ot""
(easily generalized to 3 spatial dimensions).

The Euler-Lagrange equation of motion

o o (o£) o (o) _,
Op  Ox \ 0y ot\op/)
then implies that

0 (oL oL o 0 (0L oL o

LD (PN (Y
oz \92 ") Tar \9p") T

Comparing with the conservation/continuity equation (in 1 spatial
dimension)

0 dp
a—x(Jm)Jra_o

we see that the conserved density and current are (proportional to)

oL oL
p—a—¢5s0, Jx—a—¢5w

In more than 1 spatial dimension

oL oL
Jo=—"  bp, J = Sp ...
2(0/02)"7 7 7 T d0p/ay) T

and hence in covariant notation

oL
JH = 4.
2(0,0) "

The Lagrangian density for a scalar field in n space-time dimensions,
o(t, x1, Ty oeey Tp), 18

1
L = 5(0up)(0"0) = Ap™,
We use the E-L equation in the form
oL _
e 9[0p] ’
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to immediately obtain the equation of motion
I"Ouip + 4N = 0.
A current J* is defined by
J = (o +2"0,p)0 p — L.
Splitting this into two pieces, we first have
00 [+ 1°0,0)("9)] = 20,9)(06) + 2 (BuDup)(D"0) + (0 + 2 Dyi0) (—ANG?),

where we have used the equation of motion in the last term. Also

Ou(@"L) = nL — 2" |(D,0,0)(0"p) — 1A (D0 -

Subtracting these and cancelling terms then gives
0,0 = (2= 2) (0u9)(0"9) + Mg (~4 + 1) = (4= n)L.

For n = 4 the right-hand side vanishes and the current is conserved.

6 (a) Taking the F.T in x we have

2 8 1 82 ! /
(k +2O‘8t + c28t2> Gk,t—t)=6(t—1)
This can be solved either using the ‘jump’ condition method from 1B maths
or by taking a further F.T in ¢ and using contour integration. The equation
is identical in form to the damped harmonic oscillator for which the full
solution is given in the lecture notes on pages 52,52, question 4 in the
examples and Q6 in the 2010 paper.

Glkt—t) = 0 t<t

= ;6_(102@4) sinh vVa2ct — k2c2(t — t')

fa2 — k2/c2
(b) From the inverse Fourier transform we have
1
2w

and with s(x,t) = cos(pz)d(t — to)

G(x,a;t, 1) = /OO e* @Gk, t — t')dk

— 00

tt 00
T(x,t) = / dt'/ da's(2', )G (x, 2’5 t, 1)
00 1 0 . /
= / da’ cos(px’).2—/ dke* ==V G(k, t — to)
—00 T J—o0
o) 1 00 . N . ’ .
= / dk—/ da’ {el(k_p)(x_x)e’pr(k,t —tg) 4 elkrPe—a gmpr ) ¢ —to)}
—00 221 J -
1/, .
=~ (" Glp,t —to) + ¢ " G(—p,t — to)) = cos(px)G(p,t — to)

2
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Hence, for ac > p the oscillating temperature distribution decays without
oscillating and for ac < p it executes damped harmonic motion.

END OF PAPER



