Exact Description of Spectral Correlators by a Quantum One-Dimensional Model with Inverse-Square Interaction

B D Simons, P A Lee, and B L Altshuler Department of Physics, Massachusetts Institute of Technology, 77 Massachusetts Avenue, Cambridge, MA 02139

Abstract

The universal correlations which describe the response of energy levels of a disordered metallic grain to an arbitrary perturbation are shown to be equivalent to time-dependent correlations of a one-dimensional quantum Hamiltonian with inverse-square interaction. These results establish a direct connection between a strongly interacting quantum Hamiltonian, the non-linear œ-model of disordered electronic systems, and quantum chaotic spectra. As a consequence we have an expression for the correlation function of the quantum Hamiltonian which we believe to be exact for all space and time.

PACS: 05.45.+b, 73.20.Dx, 71.25.-s

Typeset using REVTEX

Spectral correlations of complex quantum systems ranging from those with strong correlations and many degrees of freedom [1] to the motion of particles in irregular [2] or disordered potentials [3] frequently display the same universal behavior. The universality, which appears to follow from non-integrability has become the signature of quantum chaos. In such cases correlators of level spacings obey Wigner-Dyson statistics [4], characterized by the mean-level spacing, Δ. Recently two of us [5] have found that the response of the energy levels, E_i(U) to an arbitrary perturbation, U such as a potential or magnetic field are also described by universal functions, and are characterized by a well defined “conductance.” The universality is defined by a rescaling of the eigenvalues, and perturbation parameter, U [6,5],

ϵ_i(u) = E_i(U)/Δ, u^2 = C(0)U^2. (1)

where C(0) = (1/Δ^2)⟨(∂E_i(U)/∂U)^2⟩, and without loss of generality we have assumed ⟨∂E_i(U)/∂U⟩ = 0. The statistical average, denoted by ⟨· · ·⟩ can be performed over U, and/or over a range of levels (ergodicity). After rescaling the statistical properties of the random functions ϵ_i(u) become independent of the detailed properties of the system. A physical interpretation of C(0) can be found through a universal fluctuation-dissipation theorem [6] which shows it to behave as a generalized conductance.

It has been known for some time [7] that the Wigner-Dyson distribution of eigenvalues, P_{Nβ}[{ϵ_i}] coincides with the probability distribution of the N-particle coordinates, P_{Nβ}[{r_i}] of the quantum ground state of a one-dimensional Hamiltonian interacting via an inversesquare pairwise interaction. By confining the particles with a harmonic potential the ground states correspond to the Gaussian random matrix ensembles [8] and display a semi-circular distribution of density. More conveniently, the particles can be confined by constraining their motion to a ring when the ground states becomes equivalent to the equilibrium distribution of the circular ensemble [9]. Since we will be interested in the thermodynamic limit (N → ∞) in which the statistical properties of both ensembles become equivalent, we will concentrate on the periodic Sutherland Hamiltonian given by,

H_S = − ∑ i ∂^2 ∂r^2_i + β(β/2 − 1) ( π N )2 ∑ i>j 1 sin^2 [π(r_i − r_j)/N)]

, (2)

where the spatial coordinates, defined in units of the mean interparticle distance correspond directly to the eigenvalues of the circular ensemble, ϵ_i ≡ r_i. The pairwise interaction scales as the inverse-square of the chord length between the particles on the ring. The coupling constant of the interaction depends on the Dyson index, which can take the values β = 1, 2, or 4 corresponding to orthogonal, unitary, or symplectic symmetry respectively.

The above correspondence relies only of the fact that the ground state of Eq. (2) is of the Jastrow form, |0⟩ = ( [Γ(β/2 + 1)]^N N^N Γ(Nβ/2 + 1) )1/2 ∏ i>j |e^{2πiri/N} − e^{2πirj /N} |^{β/2}. (3) Our main point is that the connection between the Hamiltonian and the spectra is much deeper. We are motivated by the following picture. The dispersion of the energy levels, ϵ_i as a function of u resembles the world lines of N particles at positions r_i plotted as a function of imaginary time τ = −it. At any given τ, the distribution of {r_i} is given by the ground state wavefunction of Eq. (2). It is then natural to question whether the time evolution of {r_i} also corresponds to the dispersion of {ϵ_i} as a function of u. In this paper we present analytical results which provide strong evidence that the correspondence is in fact exact if we associate separations in time τ and position r in the Sutherland model with differences in the perturbation u and energy ω in the spectral problem through the relation,

u^2 = 2τ, ω = r. (4)

To illustrate this connection we will examine the autocorrelator of the density of states (DOS) fluctuations. For brevity we will focus only on the unitary and orthogonal ensembles. The former differs from the latter in that the coupling constant vanishes for β = 2 and the Sutherland model becomes equivalent to a system of non-interacting fermions.

The autocorrelator in both energy and perturbation of the DOS fluctuations is defined by the statistical average, k(ω, u) = ⟨ ∑ ij δ(ϵ − ϵ_i(ū)) δ(ϵ − ω − ϵ_j(ū + u)) ⟩ − 1. (5)

By examining the spectra of disordered metallic grains subject to an external perturbation the universal correlator for unitary ensembles was found to be [5], k^u(ω, u) = 1 2 Re ∫ 1 −1 dλ ∫ ∞ 1 dλ_1 exp[−π^2u^2(λ^2_1 − λ^2)/2 + iπω(λ_1 − λ + iδ)], (6)

while for orthogonal ensembles,

k^o(ω, u) = Re ∫ 1 −1 dλ ∫ ∞ 1 dλ_1 ∫ ∞ 1 dλ_2 (1 − λ^2)(λ − λ_1λ_2)^2 (2λλ_1λ_2 − λ^2 − λ^2_1 − λ^2 + 1)^2 × exp[−π^2u^2(2λ^2_1λ^2 − λ^2_1 − λ^2 − λ^2 + 1)/4 + iπω(λ − λ_1λ_2 + iδ)]. (7)

Using Eq. (4), k(r, τ) becomes equivalent to the autocorrelator in position and imaginary time of particle density fluctuations from the ground state. Since P_{Nβ}[{ϵ_i}] and P_{Nβ}[{r_i}] are equivalent the correspondence at τ = 0 is clear. We will show that at non-vanishing τ, the correlation function k(r, τ), which depends not just on the ground state but also on the excited states, reproduces Eqs. (6-7).

We will begin by establishing the correspondence of k(ω, u) to the Sutherland model. Later, we will examine the non-linear σ-model of weakly disordered metallic systems from which the universal correlation functions (6-7) were derived. We first discuss the unitary case where H_S describes the free fermion Hamiltonian. The wavefunctions can be written as the Slater determinant of a set of non-interacting eigenstates, |p⟩ = 1 N! det| exp[ip_ir_j]|, (8)

defined by the integral quantum numbers {n_i} through the relation p_i = 2πn_i/N, and having energy equal to E(p) = ∑ i p^2_i . The ground state wavefunction, |p_0⟩ defined by the set of quantum numbers which occupy the lowest N states has the form of a Vandermonde determinant allowing it to be written as a Jastrow function (3). Inserting a complete set of states into Eq. (5) we obtain, k(r, τ) = 1 N^2 ∑ p≠p0 e^{−τ(E(}p^{)−E(}p^{0))} ∑ ij ⟨0|δ(r − r_i)|p⟩ ⟨p|δ(r_j)|0⟩. (9) Since the action of the density operator is to change the momentum of one of the particles it is clear that only states with a single particle excited above the Fermi surface contribute to the sum. We therefore obtain the expression, k(r, τ) = 2 N^2 ∑ |p|≤p_f ∑ |p1|>p_f exp[−τ(p^2_1 − p^2) + i(p_1 − p)r], (10)

where the Fermi momentum p_f = π. Taking the thermodynamic limit, N → ∞ and making the change of variables λ = p/p_f , and λ_1 = p_1/p_f we obtain the universal expression given by Eq. (6).

The orthogonal case corresponds to a non-vanishing value of the coupling constant. The absence of a closed expression for the excited state wavefunctions makes a proof analogous to the unitary case less accessible and we confirm the correspondence by deriving expressions for k(r, τ) at leading order in τ and 1/τ, with the latter corresponding to the hydrodynamic limit.

Sutherland has obtained the complete spectrum of H_S together with an expression for the ground state wavefunction (3), and a method of constructing excited states at arbitrary values of β [7]. The wavefunctions of H_S were shown to be factorizable into the ground state and a superposition of free boson basis states making the particles distinguishable and allowing their statistics to be chosen arbitrarily by means of a Jordan-Wigner transformation. By choosing a boson representation the leading order term in τ can be determined. T - invariance of the Sutherland model causes the coefficient of this term to vanish at all values of r ≠ 0. At this order, k(r, τ) is independent of β (“f-sum rule” [10]) and equal to, 1 2π ∫ ∞ −∞ e^{iqr} [ k(r, τ) − k(r, 0) ] dr = −τq^2θ(q)/π + O(τ^2), (11)

which up to the change of variables (4) agrees with the estimate from k(ω, u). Performing the inverse transform we obtain, k(ω, u) = k(ω, 0) + u^2 2 ∂^2 ∂ω^2 δ(ω) + O(u^4), (12)

where the expression for k(ω, 0) can be found in Ref. [4]. Explicit calculation at still higher orders becomes non-trivial due to the complexity of the integral expression for k(ω, u), which is manifested in the Sutherland model as a rapidly increasing number of contributions.

For the fermionic model, the form of the leading order term has a natural interpretation in terms of T -invariance. The disappearance of this term for all but ω = 0 in the eigenvalue problem is less trivial. The density correlator is comprised of two sorts of contribution; the first from the same level, and the second from neighboring levels. The leading order term singles out the non-analytic contribution of the former at ω = 0.

Since the Sutherland model displays a gapless linear low energy excitation spectrum it belongs to the universality class of Luttinger liquids [11]. The 1/τ asymptotic can therefore be determined by the method of bosonization [12] when we obtain, k(r, τ) = − 1 2π^2β ∑ σ=±1 1 (r + iσv_sτ)^2 , (13)

where the sum is over right and left movers, and the sound-wave velocity of the density fluctuations is given by v_s = πβ [7]. Comparing this to the large ω asymptotics of Eqs. (6-7) given by, k(ω, u) = 1 βπ^2 Re 1 (iω + πβu^2/2)^2

, (14)

and using Eq. (4) the correspondence is verified.

We believe that the proof of the equivalence for the unitary ensemble, together with the results at τ = 0 and both the large and small τ asymptotics for the orthogonal ensemble provides compelling evidence for the correspondence of the Sutherland model to the eigenvalue problem. If we accept this correspondence, Eq. (7) then provides an expression for the density-density correlator of the Sutherland model with an attractive coupling constant β(β/2 − 1) = −1/2 which is exact for all t and r. In principle an expression for k(ω, u) can be calculated for the symplectic ensemble when the appropriate coupling constant is repulsive and equal to 4.

To understand the connection of the Sutherland model to the non-linear σ-model of weakly disordered metallic systems it is instructive to briefly review the existing derivation of Eqs. (6-7). Although the Wigner-Dyson distribution is thought to apply to the spectra of all non-integrable systems, formally it can be derived only in a limited number of cases. Typically, this is where statistical averaging can be performed by first averaging over an ensemble of systems whose statistical properties are equivalent, such as random matrices [4] or disordered metallic systems [13]. In the same way, we believe that the autocorrelation function, k(ω, u) applies to all non-integrable systems but are required to examine specific examples to perform its derivation. Instead of using random matrix theory, where the Wigner-Dyson distribution was first derived [4], k(ω, u) is determined by investigating disordered metallic grains subject to a variety of perturbations [5,14]. For this purpose we make use of the supersymmetry approach [13].

The Hamiltonian that we investigate describes the motion of a spinless particle confined to a cylinder of circumference L with a background disorder potential, W (r) and subject to one of two types of perturbation, U. The first describes an Aharonov-Bohm flux, ϕ through the cylinder while the second describes an additional background potential V s(r), where the fixed spatial dependence s(r) can be chosen arbitrarily. The Hamiltonian is given by, H = 1 2m ( p − e c A(ϕ) )2 + W (r) + V s(r), (15)

where only the azimuthal component of the vector potential is non-vanishing and equal to A = ϕ/L. If we assume that the particle scatters elastically from the disorder potential its motion is diffusive with a classical diffusion constant D = v^2τ_s/d. The mean time between collisions, denoted by τ_s, depends on the nature of the disorder. For a δ−correlated whitenoise impurity potential, τ_s is determined through the ensemble average, ⟨W (r)W (r^′)⟩ = L^dΔδ(r − r^′)/2πτ_s, where L^d denotes the volume of the system. To consider only diffusive motion it is necessary to assume that 2/mv^2 ≪ τ_s ≪ L/v where v denotes the velocity of the particle on the torus.

By representing k(ω, u) in terms of a supersymmetric Lagrangian containing equal numbers of commuting and anticommuting fields, the interaction generated by the ensemble averaging is decoupled by a Hubbard-Stratonovitch transformation with the introduction of 8 × 8 supermatrix fields, Q(r) [13]. To order 2/mv^2τ_s small fluctuations about the saddlepoint are controlled by a functional non-linear σ−model [5,14], k(Ω, ϕ, V ) = − 1 2 [ ∫ Q^{11}_{11}(r) Q^{22}_{11}(r^′) exp(−F [Q]) DQ L^{−2d} dr dr^′ + 1 ] , (16)

where F [Q] denotes the free energy,

F [Q] = π 8L^dΔ ∫ STr [ D(∇Q − ie c [Q, Aτ_3])^2 + 2i(Ω + V s(r))ΛQ ] dr, (17)

with the constraint that Q^2 = 1, and where we have assumed that (Δτ_s)^{−1} ≪ 1. A^{ζζ 0} represents a diagonal matrix which depends only on the upper indices with signature (ϕ̄, ϕ̄ + ϕ)/L. For brevity we refer to Ref. [13] for the symmetry properties of Q together with the definition of τ_3, Λ and the supertrace, denoted Str. The excitations of Q correspond to the diffusion modes of the particles [15].

We will examine each type of perturbation separately. In both cases the Goldstone modes of the transverse fluctuations in Q are destroyed at non-vanishing values of the perturbation. It is therefore necessary to retain only the symmetries of the supermatrix which contribute most significantly to the average. The fluctuation of the supermatrix can be classified according to whether or not the elements commute with the matrix τ_3 which appears when time-reversal symmetry is violated. Those which do correspond to the diffuson degrees of freedom while those which do not describe the Cooperons [15]. Firstly, for the potential perturbation, U ≡ V L^2/D both degrees of freedom contribute and the fluctuations of Q display the full orthogonal symmetry. For the flux perturbation, U ≡ eϕ/hc the Cooperon modes are frozen out for non-vanishing ϕ̄, even when ϕ = 0. In this case, the symmetry of the remaining diffuson modes belong to the unitary ensemble.

Within the diffusive regime, it is permissible to neglect all but the lowest spatial harmonic at the saddle-point in r. For U ≡ eϕ/hc this implies a spatially independent Q [16], while for U ≡ V L^2/D it is necessary to calculate the spatial dependence at the saddle-point explicitly. In each case we obtain a definite integral expression for k(Ω, U) which has the functional form of Eqs. (6-7) appropriate to the symmetry. From the expression for k(Ω, U) it is possible to determine the conductances [5,14]

C(0) = { 4πg U ≡ eϕ/hc, g/3π U ≡ V L^2/D, (18)

where g = D/ΔL^2 denotes the dimensionless conductance. Applying the rescaling (1) to U and Ω we obtain the universal expressions (6-7). We note that when u > √ g, or ω > g corrections from higher modes become important and the universality breaks down.

The expansion at large u (or ω) shown in Eq. (14) is equivalent to the lowest order of diagrammatic perturbation theory [17], and is reproduced by the hydrodynamic limit of the Sutherland model. The propagators from the right and left moving particles in the Luttinger model therefore correspond to the exchange of two diffusons or Cooperons lines between two closed loops.

Why the Sutherland and σ-model should display equivalent correlation functions remains mysterious. That the potential should be inverse-square is natural since it allows the coupling to be dimensionless. Any other power would demand a rescaling with the particle density. Whether the Sutherland model possesses a hidden symmetry [18] at the special values of the coupling constant corresponding to the three Dyson ensembles remains an open question. A naive continuation of Eq. (14) to arbitrary values of β coincides with the hydrodynamic limit of the Sutherland model (13), which is valid for all values of β. However, a physical interpretation of arbitrary β for the eigenvalue problem is unclear. One possibility might be to generate other values from fractional spin in analogy with spin-orbit interactions where spin degeneracy leads to β = 4.

In conclusion, we have demonstrated that the time-dependent correlation functions of a many-particle interacting one-dimensional model have an exact correspondence with the universal spectral correlations of disordered metallic grains and other quantum chaotic systems. A deeper understanding of the connection of the one-dimensional model, random matrix theory, and the supersymmetry method used to derive the universal functions remains to be found.

We are grateful to B S Shastry, B Sutherland, L Ioffe, X-G Wen and P-A Bares for useful discussions. The work was supported through NSF Grant No. DMR 92-16007 and by the Joint Services Electronics Program Contract No. DAAL 03-89-0001. One of us (BDS) wishes to acknowledge the financial support of the SERC through a NATO Postdoctoral Fellowship.

REFERENCES

[1] G. Montambaux, D. Poilblanc, J. Bellissard, and C. Sire, Phys. Rev. Lett. 70, 497 (1993).

[2] See for example, O. Bohigas and M. Giannoni, Mathematical and Computational Methods in Nuclear Physics, ed. J. S. Dehesa, J. M. G. Gomez, and A. Polls, Lecture Notes in Physics 209, (New York, Springer) 1 (1984).

[3] U. Sivan and Y. Imry, Phys. Rev. B 35, 6074 (1987).

[4] For a review see M. L. Mehta, Random Matrices and the Statistical Theory of Energy Levels (Academic Press, New York, 1967).

[5] B. D. Simons and B. L. Altshuler, to be published [6] B. D. Simons, A. Szafer, and B. L. Altshuler, to be published [7] B. Sutherland, J. Math. Phys. 12, 246 (1971); 12, 251 (1971); Phys. Rev. A 4, 2019 (1971); 5, 1372 (1972).

[8] E. P. Wigner, Ann. Math. 53, 36 (1951). [9] F. J. Dyson, J. Math. Phys. 3, 140 (1962).

[10] See for example, D. Pines and P. Nozières, The Theory of Quantum Liquids, Volume 1 (Addison Wesley, 1992).

[11] J. M. Luttinger, J. Math. Phys. 15, 609 (1963); D. C. Mattis and E. H. Lieb, J.

Math. Phys. 6, 304 (1965); E. H. Lieb and D. C. Mattis, Mathematical Physics in One-Dimension (Academic, New York, 1966).

[12] K. B. Efetov and A. I. Larkin, Sov. Phys. JETP, 42, 390 (1975);F. D. M. Haldane, Phys. Rev. Lett. 47, 1840 (1981); F. D. M. Haldane, J. Phys. C 14, 2585 (1981).

[13] K .B. Efetov, Adv. in Phys. 32, 53-127 (1983). [14] B. D. Simons and B. L. Altshuler, to be published [15] See for example, P. A. Lee and T. V. Ramakrishnan, Rev. Mod. Phys. 57, 287 (1985). [16] Gauge invariance requires a more careful definition of the zero mode for values of e|ϕ|/hc > 1/2 [14] but since the crossover is described by non-universal corrections we will assume values of ϕ lie within this range.

[17] B. L. Altshuler and B. I. Shklovskii, Sov. Phys. –JETP 64 (1), 127 (1986). [18] F. D. M. Haldane et al., Phys. Rev. Lett. 69, 2021 (1992); B. S. Shastry, and B. Sutherland, to be published; B. Sutherland, and B. S. Shastry, to be published.