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8.334: Statistical Mechanics II Problem Set # 1 Due: 2/10/92

Mean-Field Theory

1.The Binary Alloy: A binary alloy (as in § brass) consists of N4 atoms of type A, and
Np atoms of type B. The atoms form a simple cubic lattice, each interacting only with its
six nearest neighbors. Assume an attractive energy of —J (J > 0) between like neighbors
A~ A and B — B, but a repulsive energy +J for an A — B pair.

(a) What is the minimum energy configuration, or the state of the system at zero temper-
ature?
(b) Estimate the total interaction energy assuming that the atoms are randomly distributed

among the N sites; i.e. each site is occupied independently with probabilities p4 = Ny4/N
and pp = Ng/N.

(c) Estimate the mixing entropy of the alloy with the same approximation. Assume
Na,Ng>1.

(d) Using the above, obtain a free energy function F(z), where z = (N4 —Npg)/N. Expand
F(z) to the fourth order in z, and show that the requirement of convexity of F breaks
down below a critical temperature T,. For the remainder of this problem use the expansion
obtained in (d) in place of the full function F(z).

(e) Sketch F(z) for T > T, T = T, and T < T.. For T < T, there is a range of
compositions = < |z,,(T')| where F(z) is not convex and hence the composition is locally
unstable. Find z,,(7).

(f) The alloy globally minimizes its free energy by separating into A rich and B rich phases
of compositions £z¢q(T), where z¢,(T') minimizes the function F(z). Find zy(T).
(e) In the (T, z) plane sketch the phase separation boundary +z.4(T); and the so called
spinodal line £z,,(T). (The spinodal line indicates onset of metastability and hysterisis
effects.)

KKK

2.The Ising Model of Magnetism: The local environment of an electron in a crystal some-
times forces its spin to stay parallel or antiparallel to a given lattice direction. As a model
of magnetism in such materials we denote the direction of the spin by a single variable
o; = %1 (an Ising spin). The energy of a configuration {0;} of spins is then given by

N
H o= % Z J,-jaiaj—hZG,- 3

ij=1 i
where & is an external magnetic field, and J;; is the interaction energy between spins at
sites 7 and j.

(a) For N spins we make the drastic approzimation that the interaction between all spins
is the same, and J;; = —J/N. Show that the energy can now be written as E(M,h) =

—N[Jm? /2 4+ hm], with a magnetization m = Zfi] oi/N = M/N.

1
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(b) Show that the partition function Z(h,T) = Z{a,} exp(—BH) can be re-written as
Z = )y exp[=BF(m,h)]; with F(m,h) easily calculated by analogy to problem (1). For
the remainder of the problem work only with F(m, h) expanded to 4th order in m.

() By saddle point integration show that the actual free energy F(h,T) = —kTIn Z(h,T)
is given by F(h,T) = min[F(m, h)],,. When is the saddle point method valid? Note that
F(m,h) is an analytic function but not convex for T < T., while the true free energy
F(h,T) is convex but becomes non-analytic due to the minimization.

(d) For h = 0 find the critical temperature T, below which spontaneous magnetization
appears; and calculate the magnetization 7(T') in the low temperature phase."

(e) Calculate the singular (non-analytic) behavior of the response functions

oF om
C—_|h =0, and X=73 lh 0-

Hokok ok kokok

3. The Lattice-Gas Model: Consider a gas of particles subject to a Hamiltonian

2
1

N
—r;), in a volume V.
Z 2m 2 A

(a) Show that the grand partition function = can be written as

e,@pN

== 2 5w fHdS” EXP[__Z =73l

(b) The volume V' is now subdivided into N’ = V/a® cells of volume a®, with the spacing
a chosen small enough so that each cell « is either empty or occupied by one particle; i.e.
the cell occupation number n, is 1estricted toOorl (a=1,2,..,N). After approximating
the integrals [ d3r by sums o® Z '

]

show that

a=1?
_ eﬁ“a]s g .
=2 Y (S5 Z " epl-L 3 nangolra - ).
n,=0,1 a,f=1

(c) By setting no = (14 0,)/2 and approximating the potential by v(rq — 75) = —J/N
show that this model is identical to the one studied in problem (2). What does this imply

about the behavior of this imperfect gas?
5 KKK KKK K

Comments:
(a) The manifest equivalence between these three systems is a straightforward consequence
of their mapping onto the same (Ising) Hamiltonian. However, there is a more subtle
equivalence relating the critical behavior of systems that cannot be so easily mapped onto
each other due to the Universality Principle.

(b) Chapter (3) of Parisi provides yet another perspective on the mean-field approximation.
For details of saddle point integration, see Chapter (9) of Huang.
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8.334: Statistical Mechanics I1 Problem Set # 2 Due: 2/19/92

Discontinuous Transitions

When the order parameter m goes to zero discontinuously, the phase transition is said
to be first order. The most commonly encountered first order transitions in Landau theory

are described in the following problems.

1. Cubic Invariants: In some systems (e.g. liquids) symmetry considerations do not exclude

a cubic term in the Landau free energy. Consider
a K 2,1t 2 3 4
H= [d x[E(Vm) + 5m" +em” +um ] (c,u>0).

(a) By plotting F'(m) for uniform m at various values of ¢ show that as # is reduced there

is a discontinuous jump to m # 0 for a positive £.

(b) By writing down the two conditions that 7 and { must satisfy at the transition, solve

for 7 and ¢.

(¢) Recall that the correlation length ¢ is related to the curvature of F(m) at its minimum
by K&72 = 8% f/Om?|e,.. Plot € as a function of ¢.

3k ok ok ok ok ok ok

2. Tricritical Point: In class we examined the Landau Hamiltonian
gt 2 b o 4 6
H= {d x[?(Vm) +om” +um® +um’ - hom]

with u > 0 and v = 0. If u < 0, then a positive v is necessary for stability.

(a) By sketching F(m) for various t, show that there is a first-order transition for u < 0

and . = 0.
(b) Calculate t and the discontinuity 77 at this transition.

(¢) For i = 0 and v > 0 plot the phase boundary in the (w,t) plane, identifying the phases,

and order of the phase transitions.

(d) The special point © = t = 0, separating first- and second-order phase boundaries, is
called a tricritical point. For v = 0 calculate the exponents , 3, v, and 6.
(Recall: C ~t=% M~ tF; x ~t~7; and i ~ h1/%)

* ok kK K kok

Suggested Reading: Huang, Chapter 17
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8.334: Statistical Mechanics II Problem Set # 3 Due: 2/24/92

Goldstone Modes

1. Spin Waves: In the XY model of n = 2 magnetism, a unit vector § = (s, sy) (with
s 4 s,i = 1) is placed on each site of a d-dimensional lattice. There is an interaction that
tends to keep nearest-neighbors parallel, i.e. a Hamiltonian —gH = K E(ij> Bi-85. The
notation < 2j > is conventionally used to indicate summing over all nearest-neighbor pairs
(4,7)-

(a) Rewrite the partition function Z = [ T[], dS; exp(—fH) as an integral over the set of

angles {6;} between the spins {3;} and some arbitrary axis.
o

(b) At low temperatures (K > 1), the angles {6;} vary slowly from site to site. In this
case expand —fBH to get a quadratic form in {6;}.

(¢) For d = 1 consider L sites with periodic boundary conditions (i.e. forming a chain).
Find the normal modes 6, that diagonalize the quadratic form (by Fourier transformation),
and the corresponding eigenvalues K(q). Pay careful attention to whether the modes are

real or complex, and to the allowed values of q.

(d) Generalize the results from (¢) to a d—dimensional simple cubic lattice with periodic

boundary conditions.

(e) Calculate the contribution of these modes to the free energy and specific heat. (Evaluate
the classical partition function, i.e. do not quantize the modes.)

(f) Find an expression for (55.5%) = Re(exp[ifx —ify]) using standard formulas of Gaussian
integrals. Convince yourself that for |x| — oo, only ¢ — 0 modes contribute appreciably

to this expression, and hence calculate the asymptotic limit.

—

(g) Calculate the transverse susceptibility from y; o fddx( 0-5x)c. How does it depend

on the system size L7

(h) In d = 2 show that x; only diverges for K larger than a critical value K, = 1/4x.

ok KK KoK
2. Capillary Waves: A reasonably flat surface in d—dimensions can be described by its
height h, as a function of the remaining (d — 1) coordinates x = (z1,...z4—1). Convince

yourself that the “area” is in general given by A = [ d*'x\/1+ (Vh)? . With a surface

tension ¢, the Hamiltonian is simply H = g.A.

(a) At sufficiently low temperatures there will be only slow variations in h. Expand the

cnergy to quadratic order, and write down the partition function as a functional integral.

1

Ben Simons' lecture notes from Statistical Physics of Fields course taught be Mehran Kardar at MIT, 1992



(b) Use Fourier transformation to diagonalize the quadratic Hamiltonian into normal
modes g (capillary waves).

(¢c) What symmetry breaking is responsible for these Goldstone modes?

(d) Calculate the height-height correlations ((h(x) — h(x’))g).

(e) Comment on the form of the result (d) in dimensions d = 4, 3, 2, and 1.

(f) By estimating typical values of VA, comment on when it is justified to ignore higher

order terms in the expansion for A.

ok fok okokok

Suggested reading: Huang, Chapter 16, and Negele and Orland, Chapter 4.

o

Ben Simons' lecture notes from Statistical Physics of Fields course taught be Mehran Kardar at MIT, 1992
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8.334: Statistical Mechanics II Problem Set # 4 Due: 3/2/92

1. Fluctuations Around a Tricritical Point: As seen in problem set # 2, the Hamiltonian
K t
BH = /ddx[7(Vm)2 + Emz + um* 4 vm?],
with v = 0 and v > 0 describes a tricritical point.

(a) Calculate the heat capacity singularity as ¢ — 0 by the saddle point approximation.

(b) Include both longitudinal and transverse fluctuations by looking at
m(x) = (T + de(x)) ée+ Y $7(x)éa;
a=2

and expanding SH to quadratic order in ¢.

(¢) Calculate the longitudinal and transverse correlation functions.

(d) Compute the first correction to the saddle point free energy from fluctuations.

(e) Find the fluctuation correction to the heat capacity.

(f) By comparing the results from parts (a) and (e) obtain a Ginzburg criterion, and the
upper critical dimension for validity of mean-field theory (i.e. the behavior calculated in

PS#2) at a tricritical point.

(g) A generalized multicritical point is described by replacing the term vm® with ug, m?2".

Use simple power counting to find the upper critical dimension of this multicritical point.
ok AR K

2.5caling in Fluids: Near the liquid-gas critical point, the free energy is assumed to take
the scaling form F/N = t2=2g(6p/tP), where t = |T — T.|/T,. is the reduced temperature,
and 6p = p — p. measures deviations from the critical point density. The leading singular
behavior of any thermodynamic parameter Q(¢,6p) is of the form ¢* on approaching the
critical point along the isochore p = p.; or 6p¥ for a path along the isotherm T'= T,. Find

the exponents z and y for the following quantities:

(a) The internal energy per particle (H)/N, and the entropy per particle s = S/N.

(b) The heat capacities Cy = T0s/0T |y, or Cp = T9s/IT |p.

(¢) The isothermal compressibility ki = dp/OP |r /p, and the thermal expansion coeffi-
cient « = 9V/oT |p /V.

(d) Sketch the behavior of the latent heat per particle, L, on the coexistence curve for

T < T, and find its singularity as a function of .
ok sk okok K

Suggested Reading: Stanley, Chapters 2, 7, 11, and 12.

Ben Simons' lecture notes from Statistical Physics of Fields course taught be Mehran Kardar at MIT, 1992
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8.334: Statistical Mechanics II Problem Set # 5 Due: 3/9/92

Susceptibilities

1. Transverse susceptibility: An n-component magnetization field 7i(x) is coupled to an
external field & through a term — [ dix ha7i(x) in the Hamiltonian SH. If BH for h = 0
is invariant under rotations of 77i(x); then the free energy density (f = —1In Z/V') can only
depend on the absolute value of Z; i.e. f(h) = f(h) where h is magnitude of A.

(a) Show that mq = ([ d¥xm4(x))/V = —ha f'(h)/h.

(b) Relate the susceptibility tensor xag = 8ma/8hg to f7(h), /it and h.

(c) Show that the transverse and longitudinal susceptibilities are given by x; = m/h and

Xe = —f7(h); where m is the magnitude of .

(d) Conclude that yx; diverges as h — 0 whenever there is a spontaneous magnetization.

Is there any similar reason for x, to diverge?
ook ok ok

2. Longitudinal Susceptibility: In fact, due to fluctuations, the longitudinal susceptibility
does diverge in dimensions d < 4. This problem is intended to show you the origin of
this divergence in perturbation theory. There are actually a number of subtleties in this

calculation which you are instructed to ignore at various steps. You may want to think
about why they are justified.

Consider the Landau-Ginzburg Hamiltonian:

H = /d"[x{g(vﬁi)2 + % a2+ u(m?)?]

describing an n-component magnetization vector 1 (x), in the ordered phase for ¢ < 0.
(a) Let ni(x) = (m+ qbg(X))ég-f-(];t(X)ég, and expand BH keeping all terms in the expansion.

(b) Regard the quadratic terms in ¢, and qz_S't as an unperturbed Hamiltonian SHy, and the

lowest order term coupling ¢, and ¢; as a perturbation U i.e.
U = 4um / d¥xe(x) e (x)2.

Write U in Fourier space in terms of ¢»(q) and ¢;(q).

(c) Calculate the bare expectation values (¢e(q)¢e(q’))o and (qz')ﬁ'(q)qﬁf(q’))g, and the cor-
responding momentum dependent susceptibilities x,(q)o and x:(q)o.

(
(d) Calculate (¢y(qy).d¢(q2) Jt(q’l).@(qg))o. Note that ¢, is an (n—1) component vector.

1
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(e) Write down the expression for {($¢(q)d¢(q’)) to second-order in the perturbation U.

Note that since U is odd in ¢y, only two terms at the second order are non-zero.

(f) Using the form of U in Fourier space, write the correction term as a product of two
4-point expectation values as in (d). Note that only connected terms for the longitudinal

4-point function should be included.

(g) Ignore the disconnected term obtained in (d) (i.e. the part proportional to (n — 1)?),

and write down the expression for x,(q) in second order perturbation theory.

h) Show that for d < 4, the correction term diverges as ¢?~* for ¢ — 0, implying an
g q g

infinite longitudinal susceptibility.
ook ko kK ok

Suggested Reading: Parisi, Chapter 10.
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8.334: Statistical Mechanics II Problem Set # 5 Due: 3/8/93

Susceptibilities

1. Transverse susceptibility: An n—component magI;etization field 771(x) is coupled to an
external field h through a term — [ d¥x b - m(x) in the Hamiltonian SH. If fH for h=0
is invariant under rotations of mi(x); then the free energy density'( f=—-InZ/V) can only
depend on the absolute value of &; i.e. f(h) = f(h) where h = |A].

(a) Show that mq = ([ d¥xmq(x))/V = —haf'(h)/h.

(b) Relate the susceptibility tensor xog = Omq/8hg to f”(h), m and h.

(c) Show that the transverse and longitudinal susceptibilities are given by x, = m/h and

xe = —f"(h); where m is the magnitude of .

(d) Conclude that x, diverges as h — 0 whenever there is a spontaneous magnetization.

Is there any similar reason for y, to diverge?

% %k kok ok ok ko k

2. Longitudinal Susceptibility: In fact, due to fluctuations, the longitudinal susceptibility
does diverge in dimensions d < 4. This probern is intended to show you the origin of
this divergence in perturbation theory. There are actually a number of subtleties in this
calculation which you are instructed to ignore at various steps. You may want to think
about why they are justified.

Consider the Landau-Ginzburg Hamiltonian:
d, | K g2, b2 2212
PH = } d% —z-(Vm) +§m + u(m*)*| ~w,

describing an n—component magnetization vector 7i(x), in the ordered phase for t < 0.
(a) Let ni(x) = (m-i-(ﬁe(x))ée—i-q;t(x)ét, and expand H keeping all terms in the ezpansion.

(b) Regard the quadratic terms in ¢, and ¢; as an unperturbed Hamiltonian SH,, and the

lowest order term coupling ¢, and q_i:t as a perturbation U; i.e.
- 5 E -

[J = 4uﬁi/ddx¢g(x)(5t(x)2.

Ly

Write U in Fourier space in terms of ¢,(q) and c;_S.t(q). *

(c) Calculate the bare expectation values {$e(q)de(q'))o and (d¢.a(q)de.s(q’))o, and the
corresponding momentum dependent susceptibilities y,(q)o and x+(q)o-

1
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(d) Calculate (¢¢(ai) - de(qz) Fe(q)) - $+(a))o. Note that ¢, is an (n — 1) component
vector.

(e) Write down the expression for (¢s(q)¢e(q’)) to second-order in the perturbation U.

Note that since U is odd in ¢, only two terms at the second order are non—zero.

(f) Using the form of U in Fourier space, write the correction term as a product of two

4-point expectation values as in (d). Note that only connected terms for the longitudinal

4-point function should be included.

(g) Ignore the disconnected term obtained in (d) (i.e. the part proportional to (n — 1)?),

and write down the expression for x¢(q) in second order perturbation theory.

(h) Show that for d < 4, the correction term diverges as ¢g*~* for ¢ — 0, implying an
infinite longitudinal susceptibility.

R okokckokokok

Suggested Reading: Parisi, Chapter 10.
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8.334: Statistical Mechanics II Problem Set 6 Due: 3/16/92

e—Expansions
1. Long-Range Interactions between spins can be described by adding a term
/d“!x/ddyj(ix—y])?ﬁ(x).?ﬁ(y)

to the usual Landau-Ginzburg Hamiltonian.

(a) Show that for J(r) oc 1/74t, the Hamiltonian can be written as

B = d'q t+ Kog® + Kog® + -
- ey

5 mi(q).m(—q)+

1%q,d%qad?
TJ‘»/( ql(%()l;; & mi(q1)-17(q2)m(qs) M (—a1 — g2 — q3)

(b) For w = 0, construct the recursion relations for (t, K2, K,) and show that K, is

irrelevant for o > 2. What is the fixed Hamiltonian in this case?

(c) For o < 2 and u = 0, show that the spin rescaling factor must be chosen such that

K = K,, in which case K3 is irrelevant. What is the fixed Hamiltonian now?

(d) For 0 < 2, calculate the generalized Gaussian exponents v, 1, and v from the recursion

relations. Show that w is irrelevant, and hence the Gaussian results are valid, for d > 20.

(e) For ¢ < 2, use a perturbation expansion in u to construct the recursion relations for

(t, K,,u) as in lectures.

(f) For d < 20, calculate the critical exponents v and 7 to first order in € = d — 20.
(See M.E. Fisher, S.-K. Ma and B.G. Nickel, Phys. Rev. Lett. 29, 917 (1972).)

(g) What is the critical behavior if J(7) ox exp(—r/a)? Explain!
KRR OR KKK

2. This problem s optional. Do as much of it as you like. Given the exponents

1 (n+2) (n+2)(n? +23n + 60) ,

M=y 4(n + 8)6 8(n + 8)° °
g (n+2) 2
2(n + 8)2

use scaling relations to obtain e-expansions for a, g, v, § and A. Make a table of the
results obtained by setting e =1, 2 for n = 1, 2 and 3; and compare to the best estimates
of these exponents that you can find by other sources (series, experiments, etc.; quoted in

Ma, Stanley, or elsewlere).
ok kKoK Kok

Suggested reading: Ma, Chapters VII and IX, Stanley, Chapter 8.
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8.334: Statistical Mechanics II Problem Set # 7 Due: 3/31/92

Cubic Anisotropy

Consider the modified Landau-Ginzburg Hamiltonian

K t -
_ d =12 =2 =212 4
ﬁ?{—/dx[Q(Vm) +§m + u(m*®) —l—’UE m; ;

i=1

for an n-component vector mi(x) = (my,m2,---,m,). The “cubic anisotropy” term,
>.i_, m¥, breaks the full rotational symmetry and selects specific directions as discussed

in problem 1.

1. Mean-Field Theory:

(a) For a fixed magnitude [mt|; what directions in the n component magnetization space
are selected for v > 0 and for v < 07 What is the degeneracy of easy magnetization axes

in each case?

(b) What are the restrictions on u and v for SH to have finite minima? Sketch these

regions of stability in the (u,v) plane.

(c) In general higher order terms (e.g. wug(m?%)® with ug > 0) are present and ensure
stability in the regions not allowed in part (b); (as in case of the tricritical point discussed
in problem set 2). With such terms in mind, sketch the phase diagram in the (¢,v) plane

for u > 0; clearly identifying the phases, and order of the transition lines.

(d) Are there any Goldstone modes in the ordered phases?
KKK KKK

2. e-FEzpansion:

(a) By looking at diagrams in a second order perturbation expansion in both u and v;

show that the recursion relations for these couplings are
o = eu—4C [ (n + 8)u® + 6uv |
2 =gv - 4C [ 12uv + 9v? |

where C = K A%/(t + KA?)? ~ K4/K?; is approximately a constant.

(b) Find all fixed points in the (u,v) plane, and draw the flow patterns for n < 4 and
n > 4. Discuss the relevance of the cubic anisotropy term near the stable fixed point in

each case.

Ben Simons' lecture notes from Statistical Physics of Fields course taught be Mehran Kardar at MIT, 1992



(c) Find the recursion relation for the reduced temperature ¢, and calculate the exponent

v at the stable fixed points for n < 4 and n > 4.

(d) Is the region of stability in the (u,v) plane calculated in part 1(b) enhanced or dimin-
ished by inclusion of fluctuations? Since in reality higher order terms will be present, what

does this imply about the nature of the phase transition for a small negative v and n > 47

(e) Draw schematic phase diagrams in the (¢,v) plane (v > 0) for n > 4 and n < 4,
identifying the ordered phases. Are there Goldstone modes in any of these phases close to

the phase transition?
ok ok Kok K

Suggested Reading: Amit, Part II, Chapter 4.

Ben Simons' lecture notes from Statistical Physics of Fields course taught be Mehran Kardar at MIT, 1992
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8.334: Statistical Mechanics II Problem Set # 8 Due: 4/6/92

Position-Space Renormalization—-Group

1. Cumulant Method: Apply Niemeijer and van Leeuwen’s first order cumulant expansion

to the Ising model on a square lattice with —H = K z(ij> 0,05, by following these steps:

(a) For an RG with b = 2, divide the bonds into intra—cell components (6Hy); and inter—cell

components (BU).

(b) For each cell a define a renormalized spin ¢!, = sign(of* + 0§ + 0§ + o). This choice
becomes ambiguous for configurations such that 5. o = 0. Distribute the weight of these
configurations equally between o, = +1 and —1 (i.e. put a factor of 1/2 in addition to
the Boltzmann weight). Make a table for all possible configurations of a cell, the internal

probability exp(—8Hy), and the weights contributing to oJ,.

'3 and hence obtain the recursion relation

(c) Express (BU)o in terms of the cell spins o
K'(K).
(d) Find the fixed point K* and the thermal eigenvalue ;.

(e) In the presence of-a small magnetic field (8U), = h ), o; find the recursion relation

for h; and calculate the magnetic eigenvalue y;, at the fixed point.

(f) Compare K*, y; and yp, to their exact values.
ok ok ok ok ok

2. Muigdal-Kadanoff method: Consider Potts spins s; = (1,2,--+,q), on sites ¢ of a hyper-

cubic lattice, interacting with their nearest-neighbors via a Hamiltonian
—BH=K D b5 -
<tj>
(a) In d = 1 find the exact recursion relations by a b = 2 renormalization/decimation
process. Indentify all fixed points and note their stability.

(b) Write down the recursion relation X'(K) in d-dimensions for b = 2, using the Migdal-

Kadanoff bond moving scheme.

(c) By considering the stability of the fixed points at zero and infinity coupling, prove the

existence of a non-trivial fixed point at finite K* for d > 1.

(d) For d = 2 obtain K* and y; for ¢ = 3.

kkokok kokokok

Suggested Reading: Ma, Section VIIL4, and Parisi, Chapter 7.

Ben Simons' lecture notes from Statistical Physics of Fields course taught be Mehran Kardar at MIT, 1992
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8.334: Statistical Mechanics IT Re: Midterm Quiz

Review Problems

The midterm quiz will take place on Friday April 3, in room 13-3101 from 3:00 to
9:00pm. The material covered includes all topics discussed up to section IV of the syllabus.
It will be a closed book exam, but you may bring a two—sided sheet of formulas if you wish.
The following problems, taken form previous exams, are provided to help you review the

material. This is not a problem set and you are not expected to turn in any solutions.

1. Superfluid with impurities: The order parameter for superfluid He? is a complex number
¥(x). He® impurities interact with this order parameter, so that in the presence of a
concentration fluctuation, ¢(x), of He® impurities, the system has the following Landau—

Ginzburg energy

c(x)?
2

K t
ﬁH:/ddx [EIV\I']"’+§|\Il|2+u]\P|4+v|lIf|6+ 2(0 — ye(x)| 2P|

with u, v, and + positive.

(a) The He® concentration fluctuations can be integrated out of the partition function, i.e.
Z = /'D\I’(X)'Dc(x)e—ﬁH[‘I',c] - [D\I;(x)e-“ﬁ'}{erf[‘l’].

Assuming —oo < ¢(z) < oo, perform the integrations, and obtain SH.g [¥].

(b) By examining fH.q [¥] in the saddle point approximation show that for concentrations

¢ > o the transition becomes discontinuous, and identify o*.

(c) Write down the conditions that determine the position (Z,7) of the discontinuous tran-

sition, and the magnitude, ¥, of the discontinuity.

(d) The discontinuous transition is accompanied by a jump in (¥). How does this jump

vanish as ¢ — o*?

(e) Sketch the phase boundary in the (¢,0) plane and indicate how its two segments join

at o*.

(f) Show that (c(x) — vo?|¥(x)[?) = 0.

(5) Show that (c(x)c(y)) = Yo (LRI for z # .

(h) Qualitatively discuss how (c¢(x)c(0)) decays with z in the disordered phase.

(i) Qualitatively discuss how (c(x)c(0)) decays to its asymptotic value in the ordered phase.
Hookok sk ok ok ok
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2. Renormalization: Starting with

fH = fddx [-;—mz + g(\'f'm)2 — hm + g(vzqs)? +vVm.Vg|,

coupling two one component fields m and ¢:
(a) Write BH in terms of the Fourier transforms m(q) and ¢(q).

(b) Construct a renormalization group transformation as in class, by rescaling distances
such that q' = bq; and the fields such that m'(q’) = r(q)/z and ¢'(q’) = ¢(q)/y. Do not

evaluate the integrals that just contribute a constant additive term.

(c) There is a fixed point such that K’ = K and L' = L. Find y,, ys and y, at this fixed

point.

(d) The singular part of the free energy has a scaling from f(t, h,v) = t2=%g(h/t?,v/t*)

for t, h,v close to zero. Find a, A, and w.

(e) There is another fixed point such that ¢/ = t and L' = L. What are the relevant

operators at this fixed point, and how do they scale?

For the remainder of this problem set h = 0, and treat V = [ d*xvVm.V¢ as a small

perturbation.

(f) Starting with the Hamiltonian in (a) calculate the bare expectation values (m(q)m(q’))o
and (¢(q)¢(q’))o, and the corresponding momentum dependent susceptibilities x2 (¢), and
x%(q).

(g) Calculate (¢(q)¢(q’)¢(k)¢(k’))o-

(h) Write down the expansion for {(¢(q)¢(q’)) to second-order in the perturbation V,

taking advantage of the parity of this term to simplify results.

(i) Using the Fourier-transformed form of V, write the correction in terms of expectation

values calculated in parts (f) and (g).

(j) Write down the expression for x4(q) to second order in perturbation theory.
KAk

3. Ginzburg criterion along the magnetic field direction: Consider the Hamiltonian
d K oy o =212
B = [ dixl o (Vi) + L +u(@?)]
describing an n-component magnetization vector 1i(x), with u > 0.

2
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(a) In the saddle point approximation, the free energy is f = min{¥(m)},,. Indicate
the resulting phase boundary in the (h,t) plane, and label the phases. (h denotes the
magnitude of £.)

(b) Sketch the form of ¥(m) for ¢t < 0 on both sides of the phase boundary, and for ¢t > 0
at h=0.

(c) For t and h close to zero, the spontaneous magnetization can be written as m =

tPgm(h/t?). Identify the exponents 8 and A in the saddle point approximation.
For the remainder of this problem sett = 0.
(d) Calculate the transverse and longitudinal susceptibilities at a finite h.
(e) Include fluctuations by setting rit(x) = (77 + ¢e(x))é¢ + ¢¢(x)é:, and expanding SH to

second order in the ¢s. (ég is a unit vector parallel to the average magnetization, and &

is perpendicular to it.)
(f) Calculate the longitudinal and transverse correlation lengths.

(g) Calculate the first correction to the free energy from these fluctuations. (The scaling

form is sufficient for parts (g) and (h).)

(h) Calculate the first correction to magnetization, and to longitudinal susceptibility from

the fluctuations.

(i) By comparing the saddle point value in (d), with the correction calculated in (h), find

the upper critical dimension, d,, for the validity of the saddle point result.

(j) For d < d, obtain a Ginzburg criterion by finding the field hg below which fluctuations
are important. (You may ignore the numerical coefficients in hg, but the dependences on

K and u are required.)
sokokok ok ok ok K
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8.334: Statistical Mechanics II Problem Set # 9 Due: 4/12/93

Series Expansions and Duality

1. Triangular Lattice: Perform a high temperature expansion for the Ising model (—8H =
K 3 > 0i05) on a triangular lattice in powers of ¢ = tanh(K). Calculate terms up to
and including ¢°.

sk ok ok ok

2. Potts Model: Consider Potts spins s; = (1,2,---,q); interacting via the Hamiltonian
~BH=K ¥, i Oaiia; -
(a) To treat this problem graphically at high temperatures, the Boltzmann weight for each

bond is written as

exp (Kd,,,5;) = C(K)[1 4+ T(K)g(s:,55)],

with g(s,s") = gds s — 1. Find C(K) and T(K).
(b) Show that

q q

S g(s,58) =0, S g(s1,5)9(s,52) = ag(s1,55) , and S g(s,5')g(s',s) = ¢*(q — 1).

s=1 s=1 5,8’

(c) Use the above results to calculate the free energy, and the correlation function

(9(8m, $n)) for a one—dimensional chain.

(d) Using the above results, calculate the partition function on the square lattice to order
of T*. Also calculate the first term in the low-temperature expansion of this problem.

(e) By comparing the first terms in low—temperature and high-temperature series, find a
duality rule for Potts models. Don’t worry about higher order graphs, they will work out!
Assuming a single transition temperature, find the value of K.(qg).

(f) How do the higher order terms in the high-temperature series for the Potts model
differ from that of the Ising model? What is the fundamental difference that sets apart

the graphs for ¢ = 27 (This is ultimately the reason why only the Ising model is solvable.)
*kokokok ok ok ok

3. Ising model in a field: Consider the partition function for the Ising model (o; = +1)

on a square lattice, in a magnetic field h; i.e.

Z = Zexp K Z a,-oj-i—hZa,;
{o:i}

<ij> i

1
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(a) Find the general behavior of the terms in a low-temperature expansion for Z.

(b) Think of a model whose high-temperature series reproduces the generic behavior found
in (a); and hence obtain the Hamiltonian, and interactions of the dual model.
Fkkdok Ak

Optionél Problem
4. .Ene@: Consider the Ising model (0; = *1) on a square lattice with —fH =
K3 <ij> 9i0;. |
(a) Starting from the duality expression for the free energy, derive a similar relation for
the internal energy U(K) = (H) = —81n Z/0In K.
(b)-Using (a), calculate the exact value of U at the critical point K..

& k3 %k ok Kk ok ok

Suggested Reading: Feynman, Chapter 5; Stanley, Chapter 9; Parisi, Chapter 4.
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8.334: Statistical Mechanics II Problem Set # 10 Due: 4/17/92

Transfer Matrix Method

A general method for exactly solving one-dimensional (and some higher dimensional)
problems with short-range interactions, is to use transfer matrices. This problem set is

intended to teach you this technique.

1. The one-dimensional Ising Model: Consider a linear closed chain of N Ising spins
(0i = £1), with a nearest-neighbor coupling K. The Hamiltonian is
N
-BH = K(Ulﬂz +0203+---+0oN_108 + UN01) + hzoi .

=1

(a) Show that the partition function Z = exp(—fH) can be written as
Z = Tr[(01]T|o2)(02|T|o3) - - - {on|T]o1)] 5

where T' = (0;|T|0;) = exp[Koi0; + h(o; +0;)/2] is a 2 x 2 matrix. Write down the
matrix elements explicitly.
(b) Show that Z = MY + A¥ =~ A\¥ for N — oo; where A, > A_ are eigenvalues of the

transfer matrix 7. Write down the expression for the free energy per site 3f = —In Z /N.

(c) Using the result from (b), express the singular behavior of the free energy as (K1, k) —
0 in scaling form; and compare to the renormalization—group result obtained in class.

(d) Sketch for h = 0, C, and x as a function of ‘temperature’, T = K1, clearly labelling
the behaviors as T — 0.

(e) Show that the correlation function (0;0;4,) can be written as Tr [6.T%, 7Y JZ,
where o is the Pauli matrix. Hence show that (c;0:4¢) ~ (A_/A4)% (You do not have to

explicitly calculate the constant of proportionality.) Calculate the correlation length &.

(f) Sketch for h =0, £ as a function of temperature T. How are the divergences in ¢ and

X related? Find the exponent 7 for this zero temperature phase transition.
ok ok ok ok ok sk ok

This procedure can be extended to more general spins and interactions, with a more
complex matrix T. Quite generally the largest eigenvalue of the transfer matrix is related

to the free energy, while the correlation lengths are obtained from ratios of eigenvalues.

2. The Potts Model: In this case the spin s; on each site takes q values s; = (1,2,:--,q);
and the Hamiltonian is —8H = K Eil bs; 841 T Kbspy s, -

1
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(a) Write down the transfer matrix and diagonalize it. Note that you do not have to solve
a ¢'® order secular equation as it is easy to guess the eigenvectors from the symmetry of
the matrix.

(b) Calculate the free energy per site; and the correlation length £é. Compare with results

obtained in problem set 9.
% 3 ok ok 3k ok %k %k

This method is clearly related to the way we calculate sums over random walks in
class.

3. Miiller-Hartmann Zittartz estimate of the interfacial energy of the d = 2 Ising model
on a square lattice.

+ = + + ) -+ 4+ + + + + =+ =+ =+ 4
=+ + + + =+ =+ + 4 + = + -+ + + <+
=+ + 4+ =+ + + + | + + + =% + + =k
-+ + + + + C 3 C 3 + < <+ + =+ + A
= 1
e s . 1 T ] SN I TS ] U S S S— £ 4! 4! 4] R |
I
4 + + + - - - E 3 =+ 3 - - ,
A "N
+ ;
. L] - = L_J - - Ll L _J L] - = - L _J .
I I
h" - L L L L - wr L L L - L wr - —ur 1
I |
. L] = | L] L2 B w L L] = ] 1] ] LN
I I
{ B o

(a) Consider an interface on the square lattice with periodic boundary conditions in one
direction. Ignoring islands and overhangs, the configurations can be labelled by heights h,,
for 1 <n < L. Show that for an Ising model of interaction K, the interface Hamiltonian
is

~fH=-2KL—2K Y |hnt1 — hn| .

(b) Write down a column-to-column transfer matrix (h|T'|h’), and diagonalize it.
(c) Obtain the interface free energy using the result in (b), or by any other method.

(d) Find the value of K for which the interfacial free energy vanishes. Does this correspond

to the critical point of the original 2d Ising model?
ook kK

Suggested Reading: Huang, Chapter 14; Parisi, Chapter 12; Feynman, Chapter 4.

2
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8.334: Statistical Mechanies II Problem Set # 11 Due: 4/24/92

Anisotropy

1. Random Walks: Consider the ensemble of all random walks on a square lattice starting
at the origin (0,0). Each walk has a weight of ¢ . tye", where ¢, and £, are the number
of steps taken along the z and y directions respectively.

(a) Calculate the total weight, W(z,y), of all walks terminating at (z,y). Show that W is
well defined only for t = (t; +t,)/2 < t. = 1/4.

(b) What is the shape of a curve, W(z,y) =constant, for large = and y?

c) How does the average number of steps (£) = (£, + £,,) diverge as ¢ approaches t.?
g P v g
ok ok ok o K

2. The Ising Model: Consider the anisotropic Ising model on a square lattice with a
Hamiltonian

~BH =% " (Kutuyoupry + Kytuybe g s

z,y

i.e. with bonds of different strengths along the = and y directions.
(a) By following the method presented in class calculate the free energy for this model.
You do not need to write down every step of the derivation. Just describe the steps that
neced to be modified due to anisotropy; and calculate the final answer for In Z/N.

(b) Find the critical boundary in the (X, K,) plane from the singularity of the free energy.
Show that it coincides with the condition K, = ~{.J,; where K indicates the standard dual
interaction to K.

(c) Find the singular part of In Z/N; and comment on how anisotropy affects critical

behavior in the exponent and amplitude ratios.
% 3k 3K ok ok K ok ok

3. Landau Theory: Consider an n-component magnetization 71(x) in d—dimensions.

(a) Using problems (1) and (2) as a guide, generalize the standard Landau-Ginzburg
Hamiltonian to include the effects of anisotropy.

(b) Are such anisotropies “relevant”?

(¢) In LagCuOy, the Cu atoms are arranged on the sites of a square lattice in planes
and the planes are then stacked together. Each Cu atom carries a “spin”, which we
assume to be classical, and can point along any direction in space. There is a very strong
antiferromagnetic interaction in each plane. There is also a very weak interplane interaction
that prefers to align successive layers. Sketch the low-temperature magnetic phase, and

indicate to what universality class the order-disorder transition belongs?
sk ok ok ok sk ok koK

Suggested reading: Parisi, Chapter 4; Feynman, Chapter 5; Huang, Chapter 15.
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8.334: Statistical Mechanies II Problem Set # 12 Due: 5/1/92

The Roughening Transition

1. Renormalization: In problem set 3, we examined a continuum interface problem which
in d = 3 is described by
K
~BH =~ d’x(Vh)?,
where fi(x) is the interface height at x. For a crystalline facet the allowed values of h

are multiples of the lattice spacing. In the continuum, this tendency for integer h can be

mimicked by adding a term

—pBU =y /d2xcos(27rh)

to the Hamiltonian. Treat —fU as a perturbation, and proceed to construct a renormal-

ization group as follows:
(a) Show that

(expli Z dah(Xa)])o = exp[= Z 9a98C (Xa — X))
a<,6

for 3, 9o = 0, and zero otherwise. (C(x) = In|x|/27 is the Coulomb interaction in two

dimensions.)

(b) Prove that
2

(1166) = h()I?) = =0 Gi(x ~ ¥) lamo,

where Gy (x — y) = (exp[ik (h(x) — R(y))]).
(c) Use the results in (a) to calculate Gi(x — y) in perturbation theory to order of y2.

(d) Write the perturbation result in terms of an effective interaction K, and show that
perturbation theory fails for K larger than a critical K.

(e) Recast the perturbation result in (d) into R.G. equations for K and gy by changing

the “lattice spacing” from a to ae®.

(f) Using the recursion relations discuss the phase diagram and phases of this model.

(g) For large separations |x — y|, find the magnitude of the discontinuous jump in

(|h(x) = h(y)|?) at the transition.

ok ok ok ok ok ok
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2. Duality: Consider a discretized version of the Hamiltonian in problem one: for each

site 7 of a square lattice define an integer valued height h;. The Hamiltonian is

K
BH = =5 Z |hi = hj|%;
<313>
where the “oc0” power means that there is no energy cost for Ah = 0; an energy cost of
K /2 for Ah = £1; and Ah = £2 or higher are not allowed for neighboring sites. (This is
known as the restricted solid on solid (RSOS) model.)

(a) Construct the dual model either diagrammatically, or by following these steps:

(i) Change from the N site variables h; to the 2N bond variables n;; = h; — h;. Show that
the sum of n;; around any plaquette is constrained to be zero.

"'ﬁeiﬁn:é

e n,0 for integer n.

- : ; : i 2
(ii) Impose the constraints using the identity f;

(iii) After imposing the constraints you can sum freely over the bond variables n;; to

obtain a dual interaction 9(#; — 6;) between dual variables #; on neighboring plaquettes.

(b) Show that for K large the dual problem is just the XY model. Is this conclusion

consistent with the renormalization group results of problem 17

(c¢) Does the one dimensional version of this Hamiltonian; i.e. a 2d interface with

K
BH = “—2— Z lhi - hi+1|°°;

have a roughening transition?
ok ok ok ok ok

Suggested Reading: The XY and roughening transitions have not made their way into
standard textbooks yet. See H. van Beijeren and I. Nolden, in Structure and Dynamaics
of Surfaces II. edited by Schommers and P. von Blackenhagen (Springer -Verlag, Berlin,
1987); and D.R. Nelson’s contribution in, Phase Transitions and Critical Phenomena,
edited by C. Domb and J.L. Lebovitz (Academic, New York, 1983).
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8.334: Statistical Mechanics II Re: Endterm Quiz

Review Problems

The endterm quiz will take place on Friday May 8, in room 13-3101 from 3:00 to
4:30pm (with an additional half hour if necessary). All topics presented in the course will
be discussed, with emphasis on the second half (sections V to VII). It will be a closed
book exam, but you may bring a two-sided sheet of formulas if you wish. The following
problems, taken form previous exams, are provided to help you review the material. This

is not a problem set and you are not expected to turn in any solutions.

1. Consider the Hamiltonian

PH = /ddx[%(Vm)z + %mz +v,m"]

for a one component field m(x).

(a) Using the saddle point approximation, calculate the exponents 8 and « for the critical

behaviors of magnetization and heat capacity as ¢t — 0.

(b) Using power counting, or otherwise, find the upper critical dimension d(n), for break-

down of saddle point results due to fluctuations.
Rk Kok

2. Consider the nonlinear ¢ model in d = 2 and for n > 2. The recursion relations for

temperature 7' and magnetic field h are

dI' (n—2),,
¢~  2m s
dh

2 _op

dl

(a) How does the correlation length diverge as T — 07
(b) Write down the singular form of the free energy as T, h — 0.
(c) How does the susceptibility x diverge as T — 0 for h = 07

ke ok ok ok o 3 ok %k

3. Consider the Ising Model on a hezagonal lattice with a Hamiltonian

~fH=K Y 0i0;

<ij>

1
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(a) Calculate the first two (nontrivial) terms in the high temperature expansion of the free

energy.

(b) Calculate the first two (nontrivial) terms in the low temperature expansion of the free

energy.
ok Ko K K ok

4. The spin 1 model: Consider a linear chain where the spin s; at each site takes on three

values s; = —1,0,41. The spins interact via a Hamiltonian

—'ﬁH =K Z Si8i+1

(a) Write down the transfer matrix (s|T|s’) = exp(Kss') explicitly.

(b) How are the free energy per site (In Z/N) and the correlation length ¢ related to the

properties of a transfer matrix in general?

(c) Use symmetry properties to find the largest eigenvalue of T' and hence obtain the

expression for the free energy per site (In Z/N).
(d) Obtain the expression for the correlation length ¢ and note its behavior as K — oco.

(e) If we try to perform a renormalization group by decimation on the above chain we find
that additional interactions are generated. Write down the simplest generalization of H

whose parameter space is closed under such decimation RG.
ok ok ok ok ok ok kK
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