Chapter 1

Wave mechanics and the
Schrödinger equation
William Thomson, 1st Baron
Kelvin 1824-1907

Although this lecture course will assume a familiarity with the basic concepts
of wave mechanics, to introduce more advanced topics in quantum theory, it
makes sense to begin with a concise review of the foundations of the subject.
In particular, in the first chapter of the course, we will begin with a brief
discussion of the historical challenges that led to the development of quantum
theory almost a century ago.
The formulation of a consistent theory of statistical mechanics, electrodynamics and special relativity during the latter half of the 19th century and
the early part of the 20th century had been a triumph of “unification”. However, the undoubted success of these theories gave an impression that physics
was a mature, complete, and predictive science. Nowehere was confidence
expressed more clearly than in the famous quote made at the time by Lord
Kelvin: There is nothing new to be discovered in physics now. All that remains is more and more precise measurement. However, there were a number
of seemingly unrelated and unsettling problems that challenged the prevailing
theories.

1.1
1.1.1

Historical foundations of quantum physics
Black-body radiation

In 1860, Gustav Kirchhoff introduced the concept of a “black body”, an object that absorbs all electromagnetic radiation that falls upon it – none passes
through and none is reflected. Since no light is reflected or transmitted, the
object appears black when it is cold. However, above absolute zero, a black
body emits thermal radiation with a spectrum that depends on temperature.
To determine the spectrum of radiated energy, it is helpful to think of a black
body as a thermal cavity at a temperature, T . The energy radiated by the cavity can be estimated by considering the resonant modes. In three-dimensions,
the number of modes, per unit frequency per unit volume is given by
8πν 2
N (ν)dν = 3 dν ,
c
where, as usual, c is the speed of light.1
1
If we take the cavity to have dimension L3 , the modes of the cavity involve wave numbers
k = πn/L where n = (nx , ny , nz ) denote the vector of integers nx = 0, 1, 2, · · · ∞, etc. The
corresponding frequency of each mode is given by ν = c|k|/2π, where c is the velocity of
light. The number of modes (per unit volume) having frequencies between ν and ν + dν is
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Figure 1.1: The COBE (Cos-

mic Background Explorer) satellite made careful measurements
of the shape of the spectrum of the emission from
the cosmic microwave background. As one can see, the behaviour at low-frequencies (longwavelengths) conforms well with
the predicted Rayleigh-Jeans
law translating to a temperature of 2.728K. However, at
high frequencies, there is a departure from the predicted ν 2
dependence.

The amount of radiation emitted in a given frequency range should be
proportional to the number of modes in that range. Within the framework
of classical statistical mechanics, each of these modes have an equal chance
of being excited, and the average energy in each mode is kB T (equipartition),
where kB is the Boltzmann constant. The corresponding energy density is
therefore given by the Rayleigh-Jeans law,
ρ(ν, T ) =

8πν 2
kB T .
c3

This result predicts that ρ(ν, T ) increases without bound at high frequencies,
ν — the untraviolet (UV) catastrophe. However, such behaviour stood in
contradiction with experiment which revealed that the short-wavelength dependence was quite benign (see, e.g., Fig. 1.1).
To resolve difficulties presented by the UV catastrophe, Planck hypothesized that, for each mode ν, energy is quantized in units of hν, where h denotes
the Planck constant. In this case, the energy of each mode is given by2
!∞
−nhν/kB T
hν
n=0 nhνe
!ε(ν)" = !
= hν/k T
,
∞
−nhν/kB T
B
e
e
−1
n=0

leading to the anticipated suppression of high frequency modes. From this
result one obtains the celebrated Planck radiation formula,
ρ(ν, T ) =

8πν 2
c3

!ε(ν)" =

8πhν 3

1

c3

ehν/kB T − 1

.

(1.1)

This result conforms with experiment (Fig. 1.1), and converges on the RayleighJeans law at low frequencies, hν/kB T → 0.
Planck’s result suggests that electromagnetic energy is quantized: light of
wavelength λ = c/ν is made up of quanta each of which has energy hν. The
equipartion law fails for oscillation modes with high frequencies, hν % kB T . A
2

)dk
therefore given by N (ν)dν = L13 × 2 × 18 × (4πk
, where the factor of 2 accounts for the two
(π/L)3
2
polarizations, the factor (4πk )dk is the volume of the shell from k to k + dk in reciprocal
space, the factor of 1/8 accounts for the fact that only positive wavenumbers are involved in
the closed cavity, and the factor of (π/L)3 denotes the volume of phase space occupied by
each mode. Rearranging the equation, and noting that dk = 2πdν/c, we obtain the relation
in the text.
P∞ −βnhν
2
If we define the partition function, Z =
, where β = 1/kBP
T , #E$ =
n=0 e
∞
n
−∂β ln Z. Making use of the formula for the sum of a geometric progression,
=
n=0 r
1/(1 − r), we obtain the relation.
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Figure 1.2:

Measurements of
the photoelectric effect taken
by Robert Millikan showing the
variation of the stopping voltage,
eV , with variation of the frequency of incident light. Figure
reproduced from Robert A. Millikan’s Nobel Lecture, The Electron and the Light-Quanta from
the Experimental Point of View,
The Nobel Foundation, 1923.

quantum theory for the specific heat of matter, which takes into account the
quantization of lattice vibrational modes, was subsequently given by Debye
and Einstein.

1.1.2

Photoelectric effect

We turn now to the second ground-breaking experiment in the development of
quantum theory. When a metallic surface is exposed to electromagnetic radiation, above a certain threshold frequency, the light is absorbed and electrons
are emitted (see figure, right). In 1902, Philipp Eduard Anton von Lenard
observed that the energy of individual emitted electrons increases with the
frequency of the light. This was at odds with Maxwell’s wave theory of light,
which predicted that the electron energy would be proportional to the intensity
of the radiation.
In 1905, Einstein resolved this paradox by describing light as composed of
discrete quanta (photons), rather than continuous waves. Based upon Planck’s
theory of black-body radiation, Einstein theorized that the energy in each
quantum of light was proportional to the frequency. A photon above a threshold energy, the “work function” W of the metal, has the required energy to
eject a single electron, creating the observed effect. In particular, Einstein’s
theory was able to predict that the maximum kinetic energy of electrons emitted by the radiation should vary as
k.e.max = hν − W .
Later, in 1916, Millikan was able to measure the maximum kinetic energy of
the emitted electrons using an evacuated glass chamber. The kinetic energy of
the photoelectrons were found by measuring the potential energy of the electric
field, eV , needed to stop them. As well as confirming the linear dependence of
the kinetic energy on frequency (see Fig. 1.2), by making use of his estimate
for the electron charge, e, established from his oil drop experiment in 1913, he
was able to determine Planck’s constant to a precision of around 0.5%. This
discovery led to the quantum revolution in physics and earned Einstein the
Nobel Prize in 1921.

1.1.3

Compton Scattering

In 1923, Compton investigated the scattering of high energy X-rays and γ-ray
from electrons in a carbon target. By measuring the spectrum of radiation at
different angles relative to the incident beam, he found two scattering peaks.
The first peak occurred at a wavelength which matched that of the incident
beam, while the second varied with angle. Within the framework of a purely
classical theory of the scattering of electromagnetic radiation from a charged
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particle – Thomson scattering – the wavelength of a low-intensity beam should
remain unchanged.3
Compton’s observation demonstrated that light cannot be explained purely
as a classical wave phenomenon. Light must behave as if it consists of particles
in order to explain the low-intensity Compton scattering. If one assumes that
the radiation is comprised of photons that have a well defined momentum as
h
well as energy, p = hν
c = λ , the shift in wavelength can be understood: The
interaction between electrons and high energy photons (ca. keV) results in
the electron being given part of the energy (making it recoil), and a photon
with the remaining energy being emitted in a different direction from the
original, so that the overall momentum of the system is conserved. By taking
into account both conservation of energy and momentum of the system, the
Compton scattering formula describing the shift in the wavelength as function
of scattering angle θ can be derived,4
∆λ = λ# − λ =

h
(1 − cos θ) .
me c

The constant of proportionality h/me c = 0.002426 nm, the Compton wavelength, characterizes the scale of scattering. Moreover, as h → 0, one finds
that ∆λ → 0 leading to the classical prediction.

1.1.4

Figure 1.3:

Variation of the
wavelength of X rays scattered
from a Carbon target. A. H.
Compton, Phys. Rev. 21, 483;
22, 409 (1923)

Atomic spectra

The discovery by Rutherford that the atom was comprised of a small positively
charged nucleus surrounded by a diffuse cloud of electrons lead naturally to the
consideration of a planetary model of the atom. However, a classical theory
of electrodynamics would predict that an accelerating charge would radiate
energy leading to the eventual collapse of the electron into the nucleus. Moreover, as the electron spirals inwards, the emission would gradually increase
in frequency leading to a broad continuous spectra. Yet, detailed studies of
electrical discharges in low-pressure gases revealed that atoms emit light at
discrete frequencies.
The clue to resolving these puzzling observations lay in the discrete nature
of atomic spectra. For the hydrogen atom, light emitted when the atom is
thermally excited has a particular pattern: Balmer had discovered in 1885
that the emitted wavelengths follow the empirical law, λ = λ0 (1/4 − 1/n2 )
where n = 3, 4, 5, · · · and λ0 = 3645.6Å (see Fig. 1.4). Neils Bohr realized
that these discrete vaues of the wavelength reflected the emission of individual
photons having energy equal to the energy difference between two allowed
orbits of the electron circling the nucleus (the proton), En − Em = hν, leading
to the conclusion that the allowed energy levels must be quantized and varying
H
as En = − hcR
, where RH = 109678 cm−1 denotes the Rydberg constant.
n2
3

Classically, light of sufficient intensity for the electric field to accelerate a charged particle
to a relativistic speed will cause radiation-pressure recoil and an associated Doppler shift of
the scattered light. But the effect would become arbitrarily small at sufficiently low light
intensities regardless of wavelength.
4
If we assume that the total energy and momentum are conserved in the scattering of a
photon (γ) from an initially stationary target electron (e), we have Eγ + Ee = Eγ ! + Ee!
and pγ = pγ ! + pe! . Here Eγ = hν and Ee = me c2 denote
p the energy of the photon
and electron before the collision, while Eγ ! = hν # and Ee! = (pe! c)2 + (mc2 )2 denote the
energies after. From the equation for energy conservation, one obtains (pe! c)2 = (h(ν −
ν # ) + me c2 )2 − (me c2 )2 . From the equation for momentum conservation, one obtains p2e! =
p2γ + p2γ ! − 2|pγ ||pγ ! | cos θ. Then, noting that Eγ = pγ c, a rearrangement of these equations
obtains the Compton scattering formula.
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Figure 1.4: Schematic describ-

ing various transitions (and an
image with the corresponding
visible spectral lines) of atomic
hydrogen.

How could the quantum hν restricting allowed radiation energies also restrict the allowed electron orbits? In 1913 Bohr proposed that the angular
momentum of an electron in one of these orbits was quantized in units of
Planck’s constant,
L = me vr = n!,
2

!=

h
.
2π

(1.2)

2

e
)2 2πch3m .
As a result, one finds that RH = ( 4π$
0

( Exercise. Starting with the Bohr’s planetary model for atomic hydrogen,
find how the quantization condition (1.2) restricts the radius of the allowed (circular)
orbits. Determine the allowed energy levels and obtain the expression for the Rydberg
constant above.
But why should only certain angular momenta be allowed for the circling
electron? A heuristic explanation was provided by de Broglie: just as the
constituents of light waves (photons) are seen through Compton scattering
to act like particles (of definite energy and momentum), so particles such as
electrons may exhibit wave-like properties. For photons, we have seen that
the relationship between wavelength and momentum is p = h/λ. de Broglie
hypothesized that the inverse was true: for particles with a momentum p, the
wavelength is
λ=

h
,
p

i.e. p = !k ,

(1.3)

where k denotes the wavevector of the particle. Applied to the electron in
the atom, this result suggested that the allowed circular orbits are standing
waves, from which Bohr’s angular momentum quantization follows. The de
Broglie hypothesis found quantitative support in an experiment by Davisson
and Germer, and independently by G. P. Thomson in 1927. Their studies
of electron diffraction from a crystalline array of Nickel atoms (Fig. 1.5) confirmed that the diffraction angles depend on the incident energy (and therefore
momentum).
This completes the summary of the pivotal conceptual insights that paved
the way towards the development of quantum mechanics.
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Figure 1.5: In 1927, Davisson and Germer bombarded a single crystal of nickel

with a beam of electrons, and observed several beams of scattered electrons that
were almost as well defined as the incident beam. The phenomenological similarities
with X-ray diffraction were striking, and showed that a wavelength could indeed be
associated with the electrons. The first figure shows the intensity of electron scattering
against co-latitude angle for various bombarding voltages. The second figure shows
the intensity of electron scattering vs. azimuth angle - 54V, co-latitude 50. Figures
taken taken from C. Davisson and L. H. Germer, Reflection of electrons by a crystal
of nickel, Nature 119, 558 (1927).

1.2

Wave mechanics

de Broglie’s doctoral thesis, defended at the end of 1924, created a lot of
excitement in European physics circles. Shortly after it was published in
the Autumn of 1925, Pieter Debye, a theorist in Zurich, suggested to Erwin
Schrödinger that he give a seminar on de Broglie’s work. Schrödinger gave a
polished presentation, but at the end, Debye remarked that he considered the
whole theory rather childish: Why should a wave confine itself to a circle in
space? It wasnt as if the circle was a waving circular string; real waves in space
diffracted and diffused; in fact they obeyed three-dimensional wave equations,
and that was what was needed. This was a direct challenge to Schrödinger,
who spent some weeks in the Swiss mountains working on the problem, and
constructing his equation.
There is no rigorous derivation of Schrödinger’s equation from previously
established theory, but it can be made very plausible by thinking about the
connection between light waves and photons, and constructing an analogous
structure for de Broglie’s waves and electrons (and, of course, other particles).

1.2.1

Maxwell’s wave equation

For a monochromatic wave in vacuum, with no currents or charges present,
Maxwell’s wave equation,
∇2 E −

1
Ë = 0 ,
c2

(1.4)

admits the plane wave solution, E = E0 ei(k·r−ωt) , with the linear dispersion
relation ω = c|k| and c the velocity of light. Here, (and throughout the text)
we adopt the convention, Ë ≡ ∂t2 E. We know from the photoelectric effect
and Compton scattering that the photon energy and momentum are related
to the frequency and wavelength of light through the relations E = hν = !ω,
p = λh = !k. The wave equation tells us that ω = c|k| and hence E = c|p|.
If we think of ei(k·r−ωt) as describing a particle (photon) it would be more
natural to write the plane wave in terms of the energy and momentum of the
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particle as E0 ei(p·r−Et)/!. Then, one may see that the wave equation applied
to the plane wave describing particle propagation yields the familiar energymomentum relationship, E 2 = (cp)2 for a massless relativistic particle.
This discussion suggests how one might extend the wave equation from
the photon (with zero rest mass) to a particle with rest mass m0 . We require
a wave equation that, when it operates on a plane wave, yields the relativistic energy-momentum invariant, E 2 = (cp)2 + m20 c4 . Writing the plane wave
function φ(r, t) = Aei(p·r−Et)/!, where A is a constant, we can recover the
energy-momentum invariant by adding a constant mass term to the wave operator,
$
%
"
#
(cp)2 − E 2 + m20 c4 i(p·r−Et)/!
∂t2 m20 c2
2
i(p·r−Et)/!
∇ − 2 − 2
e
=−
e
= 0.
c
!
(!c)2
This wave equation is called the Klein-Gordon equation and correctly describes the propagation of relativistic particles of mass m0 . However, its form
is seems inappropriate for non-relativistic particles, like the electron in hydrogen.
Continuing along the same lines, let us assume that a non-relativistic electron in free space is also described by a plane wave of the form Ψ(x, t) =
Aei(p·r−Et)/!. We need to construct an operator which, when applied to this
wave function, just gives us the ordinary non-relativistic energy-momentum
p2
. The factor of p2 can obviously be recovered from two
relation, E = 2m
derivatives with respect to r, but the only way we can get E is by having a
single differentiation with respect to time, i.e.
i!∂t Ψ(r, t) = −

!2 2
∇ Ψ(r, t) .
2m

This is Schrödinger’s equation for a free non-relativistic particle. One remarkable feature of this equation is the factor of i which shows that the wavefunction is complex.
How, then, does the presence of a spatially varying scalar potential effect
the propagation of a de Broglie wave? This question was considered by Sommerfeld in an attempt to generalize the rather restrictive conditions in Bohr’s
model of the atom. Since the electron orbit was established by an inversesquare force law, just like the planets around the Sun, Sommerfeld couldn’t
understand why Bohr’s atom had only circular orbits as opposed to Keplerlike elliptical orbits. (Recall that all of the observed spectral lines of hydrogen
were accounted for by energy differences between circular orbits.)
de Broglie’s analysis of the allowed circular orbits can be formulated by
assuming that, at some instant, the spatial variation of the wavefunction on
going around the orbit includes a phase term of the form eipq/!, where here
the parameter q measures the spatial distance around the orbit. Now, for an
acceptable wavefunction, the total phase change on going around the orbit
must be 2πn, where n is integer. For the usual Bohr circular orbit, where
p = |p| is constant, this leads to quantization of the angular momentum
L = pr = n!.
Sommerfeld considered a general Keplerian elliptical orbit. Assuming that
the de Broglie relation p = h/λ still holds, the wavelength must vary as the particle moves around the orbit, being shortest where the particle travels fastest,
at its closest approach to the nucleus. Nevertheless, the phase change on moving a short distance ∆q should still be p∆q/!. Requiring the wavefunction to
link up smoothly on going once around the orbit gives the Bohr-Sommerfeld
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quantization condition
&

p dq = nh ,

(1.5)

'
where
denotes the line integral around a closed orbit. Thus only certain
elliptical orbits are allowed. The mathematics is non-trivial, but it turns out
that every allowed elliptical orbit has the same energy as one of the allowed
circular orbits. That is why Bohr’s theory gave the correct energy levels.
This analysis suggests that, in a varying potential, the wavelength changes in
concert with the momentum.
( Exercise. As a challenging exercise, try to prove Sommerfeld’s result for the
elliptical orbit.

1.2.2

Schrödinger’s equation

Following Sommerfeld’s considerations, let us then consider a particle moving
in one spatial dimension subject to a “roller coaster-like” potential. How do
we expect the wavefunction to behave? As discussed above, we would expect
the wavelength to be shortest where the potential is lowest, in the minima,
because that’s where the particle is going the fastest. Our task then is to
construct a wave equation which leads naturally to the relation following from
p2
(classical) energy conservation, E = 2m
+V (x). In contrast to the free particle
case discussed above, the relevant wavefunction here will no longer be a simple
plane wave, since the wavelength (determined through the momentum via the
de Broglie relation) varies with the potential. However, at a given position
x, the momentum is determined by the “local wavelength”. The appropriate
wave equation is the one-dimensional Schrödinger equation,
i!∂t Ψ(x, t) = −

!2 ∂x2
Ψ(x, t) + V (x)Ψ(x, t) ,
2m

(1.6)

with the generalization to three-dimensions leading to the Laplacian operator
in place of ∂x2 (cf. Maxwell’s equation).
So far, the validity of this equation rests on plausibility arguments and
hand-waving. Why should anyone believe that it really describes an electron
wave? Schrödinger’s test of his equation was the hydrogen atom. He looked
for Bohr’s “stationary states”: states in which the electron was localized somewhere near the proton, and having a definite energy. The time dependence
would be the same as for a plane wave of definite energy, e−iEt/!; the spatial
dependence would be a time-independent function decreasing rapidly at large
distances from the proton. From the solution of the stationary wave equation
for the Coulomb potential, he was able to deduce the allowed values of energy and momentum. These values were exactly the same as those obtained
by Bohr (except that the lowest allowed state in the “new” theory had zero
angular momentum): impressive evidence that the new theory was correct.

1.2.3

Time-independent Schrödinger equation

As with all second order linear differential equations, if the potential V (x, t) =
V (x) is time-independent, the time-dependence of the wavefunction can be
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separated from the spatial dependence. Setting Ψ(x, t) = T (t)ψ(x), and separating the variables, the Schrödinger equation takes the form,
)
( 2 2
∂x
ψ(x) + V (x)ψ(x)
− !2m
i!∂t T (t)
=
= const. = E .
ψ(x)
T (t)
Since we have a function of only x set equal to a function of only t, they
both must equal a constant. In the equation above, we call the constant E
(with some knowledge of the outcome). We now have an equation in t set
equal to a constant, i!∂t T (t) = ET (t), which has a simple general solution,
T (t) = Ce−iEt/!, where C is some constant. The corresponding equation
in x is then given by the stationary, or time-independent Schrödinger
equation,
−

!2 ∂x2
ψ(x) + V (x)ψ(x) = Eψ(x) .
2m

The full time-dependent solution is given by Ψ(x, t) = e−iEt/!ψ(x) with definite energy, E. Their probability density |Ψ(x, t)|2 = |ψ(x)|2 is constant in
time – hence they are called stationary states! The operator
Ĥ = −

!2 ∂x2
+ V (x)
2m

defines the Hamiltonian and the stationary wave equation can be written as
the eigenfunction equation, Ĥψ(x) = Eψ(x), i.e. ψ(x) is an eigenstate of Ĥ
with eigenvalue E.

1.2.4

Particle flux and conservation of probability

In analogy to the Poynting vector for the electromagnetic field, we may want
to know the probability current. For example, for a free particle system, the
probability density is uniform over all space, but there is a net flow along the
direction of momentum. We can derive an equation showing conservation of
probability by differentiating the probability density, P (x, t) = |ψ(x, t)|2 , and
using the Schrödinger equation, ∂t P (x, t)+∂x j(x, t) = 0. This translates to the
usual conservation equation if j(x, t) is identified as the probability current,
i! ∗
[ψ ∂x ψ − ψ∂x ψ ∗ ] .
(1.7)
2m
*b
*b
If we integrate over some interval in x, a ∂t P (x, t)dx = − a ∂x j(x, t)dx it
*b
follows that ∂t a P (x, t)dx = j(x = a, t) − j(x = b, t), i.e. the rate of change
of probability is equal to the net flux entering the interval.
Extending this analysis to three space dimensions, we obtain the continuity
equation, ∂t P (r, t) + ∇ · j(r, t) = 0, from which follows the particle flux,
j(x, t) = −

j(r, t) = −

i! ∗
[ψ (r, t)∇ψ(r, t) − ψ(r, t)∇ψ ∗ (r, t)] .
2m

(1.8)

This completes are survey of the foundations and development of quantum
theory. In due course, it will be necessary to develop some more formal mathematical aspects of the quantum theory. However, before doing, it is useful to
acquire some intuition for the properties of the Schrödinger equation. Therefore, in the next chapter, we will explore the quantum mechanics of bound
and unbound particles in a one-dimensional system turning to discuss more
theoretical aspects of the quantum formulation in the following chapter.
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