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Answers: Problem set II

1. (a) For A > 0, the first order shift in ground state energy is given by
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Alternatively, using the identity z = /52— Qmw (a + a'), we have
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(b) For X\ < 0, the situation becomes more subtle. The potential now takes the
form of an upturned double well potential with a metastable minimum
at zero. Here, as we will see, conventional perturbative approaches fail.
However, we can straightforwardly implement the WKB approach to com-
pute the tunneling amplitude from the well created by the perturbation
using the relation,

b
t~e S, S:%/ dz /2m(V(z) — Ep) .

To implement the WKB method, we have to first identify the classical
turning points.
If A is small in magnitude, the ground state energy of the unperturbed
oscillator is neglible as compared to the barrier height and we may set
= hw/2 ~ 0. The clabbical turning points are determined by the
equation Ey = V(x) = émw 22 — Az*. The latter has the solution at
x = a ~ 0 (with more care, we can show that it is simply the turning
point of the harmonic oscillator, oy = /hA/mw) and & = by/mw?/2\.
(The reflection about x = 0 also gives another set of solutions.) We
therefore obtain
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which leads to the transmission probability
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This result exposes the problem with perturbation theory: it assumes that
the ground state energy is an analytic function of A for some sufficiently
small region around A = 0. However, this result shows that the true
ground state solution has an essential singularity in A and the radius of
convergence of the perturbation theory vanishes.

62

2. For a point-like nucleas, the hydrogen atom has a potential V (r) = — Tocor-
hollow spherical shell will have the same potential for r > b, but V(r) = V(b)
for r < b, by Gauss theorem, and thus its effect can be regarded as adding a
perturbation,

to the Hamiltonian for r» < b, and zero for r > b. For the 2s wavefunction, the
energy shift induced by the perturbation is
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Since b < ag, the terms involving r/ag are negligible in the region of integration,
so we can simplify the integral to

2 b 2 2
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87r60a8 /0 (r b) 6a(2) o " 8megag
Likewise for the 2py wavefunction, making the same approximation, we obtain

O /b4 = /Wdf?? nfcos?0 = R
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Both energy shifts are very small, but that for the 2p state is much smaller,
because the 2p wavefunction vanishes at the origin.

This is not a good method to explore the nucleus because other effects, such
as spin-orbit interaction and other relativistic corrections would swamp the
nuclear size effect. It is more effective for heavy atoms, with larger nuclei and
smaller Bohr radii, and especially for “muonic” atoms, where the greater mass
of the muon again reduces the Bohr radius.

—— O

3. If, without loss of generality, we take the field to lie along z, the perturbation is
given by H' = —eEz. At first order in perturbation theory, AE = —(0|eEz|0)
vanishes since the ground state of the hydrogen atom |0) is an eigenstate parity.
The leading contribution to AFE is therefore the second order term AE =

ZI#O %. If the induced dipole moment is d = a¢E, its energy of

interaction with the electric field is given by AE = —%d -E = —%aeoEz. So,
by comparing with our perturbation theory result we obtain the required result.

An alternative derivation of this result starts from the first order perturbation
theory expression for the perturbed wavefunction: [¢) = [0) + 32, cklk),
_ (k|—eEz|0)
Eo—Er,
its expectation value in this state is (neglecting small terms of order (c?)),

where ¢, = . The dipole moment operator for the electron is ez, and

(lezl) = (0]ez[0) + 3 [er(Olezlk) + ci (K|ez0)] +O(c}) = acoE
——

~ k0
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from which the value of « follows as before.
Since Ej > FE; for all k, we obtain

k20 EO €0 k20 E1 *Eo €0 E1 7E07

o2 Z| k[z|0)[? _ 2€® <~ (0]z]k)(k[2]0) _ 2e? (0]2%|0)
€0
where we have used the completeness relation I = >, |k)(k|. Note that the

sum now includes the k¥ = 0 term. Using the explicit form for the Hydrogen
ground state, |[0) = (=L5)1/2e7"/% we evaluate the matrix element,
0

(0]22|0) = (0|r? cos? 0]0) = / 27 sin 0 cos? 0d9/ r2drrle=?r/%0 = g2
0 0

We also need the energy difference, Fy — Ey = (1 — %)ROO = Zm from
3
which we obtain a < 64% =9.9 x 1073%m?3, a figure that is not too far from

experiment.

4. From the trial wavefunction, we can obtained A from the normalization, 1 =

ffooc [Y]2dz = A2 ffa(x‘l — 2a%2? 4 a)dz = %A2a5. Moreover, using the
identity,

2 R o 1 Lo 9 99 4
wa(f%a +2mw1‘>'¢) A[ +2mw(a:rfx)
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the expectation value of the Hamiltonian is given by

~ @ h? 1 15 2h2 dmw?a?
A2 2 2 2.2 2 4 _
<¢‘H|¢> A /a(a —x ) {—m + f2mw (a T —x )} dr = 78 [73m 3 + 105

Minimising with respect to a we obtain a? = (%)1/2%. Substituting this
value of a into our expression for (1)|H|v), we obtain the upper bound on the
ground state energy, (|H|) = \/gﬁw = 0.598Aw, which is greater than the
true ground state energy (hw/2) as expected.

—— T

5. From the normalization, 1 = A? fooo drr2e=2Prdr = 4"54 = A% = 73 From

the identity V¢ = T%ar(TQasz) = T%a,,(fﬂr e ) = BPe P — ? =B we
have

(Y| H|) = A2/0 drridr {_QHm (ﬁ2€2ﬁr _ 2f62ﬂr> _ eeQBr]

dmegr
- hQﬂQ B €2ﬁ
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Minimising with respect to 3 we obtain 5 = 4;’2222 =aqg ! which is the inverse
of the Bohr radius and thus (¢|H|y) = —%(%)2 = —13.6eV. This is the

correct value for the ground state energy of the Hydrogen atom, as expected,
because we chose the correct functional form for the trial function.

6. (a) Suppose that the two Hamiltonians are Hl and I:IQ with ground state
wavefunctions ¢ and s, i.e. 1:111/)1 = F14, and f{g’l/}g = Fy1py. Given
that V; < Vs, we have Hy = Hoy — Vao(r)+Vi(r) = H, + AV(r). From the
variational principle,

< (| Hn[tha) = (| Haltha) — (2| AV |thy) = Ep + (1o AV |902) < By,
where the last inequality follows because AV (r) < 0. Thus Es > Ej.

(b) The Hamiltonian is given by H = —%85 +V(x), and the normalized trial

1/4p—Az?

function is given by ¢ = (2A/7) . Using standard integrals, we

obtain (¢|H|y) = %)\—i— V2T daV(x Jem2re = %)\—}—I. Minimsing
with respect to A, we obtain,

hZ
0:—+—+—+\/ /Vx)( 222)e~ 22"

where the second term arises from differentiating the normalization in I,
and the third term from differentiating the integrand. This is an implicit
equation for A and if we solve for I and substitute into the equation from
above, we obtain

(| H|p) = h—)x+[f——)\+2)q/ /de )(222)e "

This is our upper bound on the ground state energy, and since V(z) < 0,
both terms are manifestly negative. Hence the ground state energy is
negative, and at least one bound state must exist.

7. A single particle in the potential well has the (unnormalized) wavefunction and
energy, ¥, (x) = sin(nrz/L) and E = 2mL22 n? = en?. The wavefunction for a
system of two identical particles must be either 5ymmetrlc or antisymmetric,

ie.

Y(x1,x9) = sin(nymay /L) sin(nemay/L) £ sin(nemzy /L) sin(nymxe /L) ,

with energy (n? + n3)e. If E = 5e¢, we must have n; = 1, and ny = 2 (or vice
versa).
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(a) Spin-zero particles are bosons and must have a symmetric wavefunction,

¥(x1,x2) = sin(mzy /L) sin(2wzo/L) + sin(2wz1 /L) sin(mxe /L)
= 2sin(mx1 /L) sin(mxe /L) [cos(mx1 /L) + cos(mxza/L)] .

Clearly, this has zeros when x7; = 0, L, when o = 0, L, and when
Ty +x9 = L. s
(b) Spin 1/2 particles are fermions and must have an antisymmetric wave- e e e, iy

function. In the singlet case, the spin wavefunction is antisymmetric, and ~ Symmetric wavefunction
hence the spatial wavefunction is symmetric, just as in (a).

10

(c) In the triplet case, the spin wavefunction is symmetric, and hence the
spatial wavefunction must be antisymmetric, i.e.

Y(x1,x2) = sin(mxy /L) sin(2wxo /L) — sin(2wz1 /L) sin(wxe /L)
2sin(mxy /L) sin(mwaa/L) [cos(mx1 /L) — cos(mxz/L)] .

Clearly, this has zeros when 1 = 0, L, when x5 = 0, L, and when z1 = z5.

If the particles were charged, they would repel each other through the e
Coulomb interaction. Therefore, in the spin 1/2 case, the triplet state Antisymmetric wavefunction
would have the lower energy, because the particles tend to be further

apart. This is an example of the exchange interaction, and is a simplified

model of what happens in the Helium atom.

e - —
20(

8. For the single-particle states, F = n? g;'?; = en? Since this well is not centred

on zero, the single-particle eigenstates are all just proportional to sin(nwx/2a) =

).

(a) If we write the two-particle states as |ni,mo), the ground state is |1,1)
(E = 2¢). The first excited states are |2, 1) and |1, 2) (E = 5¢). The second
excited state is |2,2) (E = 8¢). The overall wavefunction needs to be sym-
metric for bosons, which |1,1) and |2, 2) are already. These therefore pair
with a symmetric spin wavefunction, which is always possible, whether or
not the bosons have spin zero. For the first excited state, both symmetric
and antisymmetric combinations are possible: (|2,1) #+ [1,2))/v/2; these
would need to pair with spin wavefunctions that are respectively symmet-
ric and antisymmetric. If S > 0, both are possible; if S = 0, only the
symmetric space state is allowed.

The (normalized) ground state wavefunction is given by
1 . .
W(x1, 22) = (x1,22|1,1) = — sin(wx1/2a) sin(wza/2a) .
a

(b) According to first order perturbation theory, the change in the ground state
energy caused by H'is given by AE = (f[ "), where the expectation value
involves the unperturbed eigenfunctions, AE = [ [¢*(z1, a0 H' (1, 20)day das.
Using the identity, [ [ f(z1,22)0(x1 — x2)dz1dzs = [ f(21,22)dzy, for
any function f, we have

2a 1
AE = —2aV, / [ (x, 2)|*de = _2a& sin® (rz/2a) = —4Vo/ sin®(my)dy .
0 0

The sin*(7y) looks nasty, but written as sin?(7y) xsin®(7y), with sin?(7y) =
(1 — cos(2my))/2, it is easily evaluated and gives AE = —3V}/2.
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