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Vortices and their winding numbers

In the usual XY-model:

Winding number = 1

Winding number = 2

In a system with multicomponent order parameter it can be possible to
have additional winding numbers.

In polariton condensates/superfluids the order parameter is the polarization
(complex) vector.
There are two winding numbers.



The Gross-Pitaevskii equation

The order parameter is two-dimensional complex vector 1,5
The energy functional for polariton superfluid

H = Hyin + Hq + Hipy =
N !

where 2 = (1/2)gugB is half of the Zeeman splitting of free polariton.

The Gross-Pitaevskii equation reads

ia¢i_,dH__{_ 1
2m*

ot oyr A‘4W+m%%+%ﬁ%%—mwww,

where €,y = —€yp = 1, €22 = €4y = 0.



Linear polarization at zero magnetic field

Formation of linear polarization in polariton condensates [Le Si Dang et
al.; Snoke et al., 2006] arises due to the reduction of polariton-polariton
repulsion energy Hipy:

Hyw = 3 [@r {(Us— U@ 9 + U3 < 37}

Two interaction constants, Uy = AMy and U; = A(My — My)/2, where
A = mR? is the excitation spot area. Typically, Uy/2 < U; < U,.

At a fixed concentration n = (7,5* 1,5) minimum of H;,; is reached for
¥*x ¥ =0 = Linear polarization

One can write

Vi = {¥a, ¥y} = vVne®{cosn,sinn},
so that the order parameter is defined by two angles, 7 and 6.

Note that the states 7,6 and n + 7,0 + 7 are identical.



Condensate polarization in magnetic field

The uniform free-energy density
1
Huni/A = —un — ZQSz + E(UO - U]_)TL2 + 2U1‘Sz27 Q= (1/2)9MBB

where n = (¢*- 9) and S, = (i/2)[¢ x ¥*].

Weak fields: 2 < Q. = nU;.
Condensate is elliptically polarized with p = 2S,/n and

Q 1 Q2
 Hum/A=—(Up— U)n? — ——
2U1, / 2(U0 U]_)n

= (Uy— U S, =
Mo (0 1)71, 20,

Strong fields: Q > Q. = nU;.
Condensate is fully circularly polarized, i.e., S, =n/2, (p = 1). Also

1
pw=Un—9, Hyin/A = —EUonz,



Quantum phase transition

The critical magnetic field corresponds to the quantum phase transition.
Topology of the order parameter space is changing at B = B.:

Elliptically Circularly
polarized polarized
superfluid superfluid
® ° >

0 Bc Magnetic Field
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The order parameter space

Yap = €° {fcosn —igsinn, fsinn +igcosn},  fP+g*=1, 2fg=¢(.

The possible changes are:
n — n+ 27k,
0 — 0+ 2mm.

Vortex carries two topologi-

cal charges (winding numbers),
(k,m).

Phase angle 6

Integer vortices:
k,m=0,+£1,+2,...

Half-integer vortices:
k,m=+1/2,43/2,...

Direction angle n

<< A4 > >




Half-vortices

Half-vortices in *He-A: G.E. Volovik and V.P. Mineev, (1976);
M.C. Cross and W.F. Brinkman, (1977).

They appear due to combined spin-gauge symmetry:
Spin quantization axis change d — —d
Phase change § - 0+ 7

The superfluid velocity around the half-vortex vs; o« V@ is a half of the
superfluid velocity around the usual vortex with 8 — 8 + 2.

Half-vortex carries half-quantum of the superfluid current.



Why two winding numbers (k, m)?

B

Atomic spinor s = 1 condensates
(three-component)

3D real d and phase 6
Half-vortex: d - —d, 0 - 0+«

All rotations d — —d are in the
same homotopy class

Polariton pseudospin case
(two-component)

2D real d and phase 6
Half-vortex: d -+ —d, 0 - 60+

Cloc}{Wise iind counterclockwise
d — —d are topologically
different



The half-vortex core
The core size a = A//2m*u ~ 1 um. For a basic half-vortex

Yne = v/ |A(¢)f(r/a) —iB ($)g(r/a)],

where the azimuthal dependencies are given by

—

A(¢) = e™*{cos(k¢), sin(kg)},

B (¢) = sgn(km)e™*{sin(k¢), — cos(k®)},
and radial functions f(r/a) and g(r/a) are found from §H/§* = 0:

Fra el = galf =9+ 50— Dwg + 1 - £ =167l =0,
50 50— £+ 5 (7= Df + [1- ¢~ 7f%g =0
g Eg 2—529 57 w g —7719=VY

where ¢ =7/a, v = (Uy + Uy)/(Uy — Uy), and w = sgn(km)Q2/nU;.
Conditions f(0) = g(0), f?(c0) + g*(00) =1, 2f(00)g(0) = w.



Half-vortex in circular polarizations

Yap = Vne™ { f cos(ke) — igsin(kg), f sin(ke) + ig cos(ke)} =
= y/n/2 (If + sgn(km)gle™ 1) + [f — sgn(km)glel™ % |1)),

where
1

. 1 .
‘T> \/5{1’ 1}» H) = E{l» _1}»

Right half-vortices: km > 0. Left-circular component becomes fully
depleted and polarization is right-circular at » = 0.

Left half-vortices: km < 0. Right-circular component becomes fully
depleted and polarization is left-circular at » = 0.



Atraction between spin-up and spin-down polaritons (v = 5)
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Repulsion between

lw-|?

W42

spin-up and spin-down polaritons (y = 2)
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The polarization texture of half-vortex core

Showing Re{we “*}, where w = w, + u.

(b)




Two left half-vortices




Left1v.swf
Media File (application/x-shockwave-flash)


Left2a.swf
Media File (application/x-shockwave-flash)
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Pair of left half-vortices
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Pair2.swf
Media File (application/x-shockwave-flash)
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Permuted pair of left half-vortices
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Pair1.swf
Media File (application/x-shockwave-flash)


Half-vortex energies

Yap = € {fcosn —igsinn, fsinn+igcosn},  fi+g*=1, 2fg=¢_.

E = Ecore + Eeh

o

UO_Iﬁg,\ ‘3\.\‘9

Ba= ps [r[(In) + (V6 —20(98- V)]

where p, = k*n/m*, u = n(Uy — Uy), and a, = a+ = h/[2m*u(1 £ ¢)]¥/2.
Single vortex:

E(s) _ E

0 = 2ps{(1+C)(k+m)21n [g] + (1= ¢)(k—m)’In [aﬁl}

The half-vortex energy (7/2)ps(1+ ¢)In(R/ax) = (7/2)p*) In(R/az).



Vortex interactions

Vortex pair.

B = mp. [k + ka2)? + (1 + ma)?] In(R/a)
+ 2mps(k1ks + mim2) In(a/T).
Right (km > 0) half-vortices, (1/2,1/2) and (—1/2,—1/2), interact with

each other. But they don’t interact with the left (km < 0) half-vortices,
(1/2,—1/2) and (—1/2,1/2).



Berezinskii- Kosterlitz-Thouless transitions

Estimation of critical temperature.

F=EY _Th(R/a)? = [gpgi> - 2T] In(R/a), T = gpgi).

For Q = 0 the critical temperature 7*) = (1/2)Tkr, where Tkt = (7/2)ps.

Tkr— — — — —

Temperature

Bc Magnetic Field

Phase diagram in the HFP approximation: J. Keeling, arXiv:0801.2637



Polarization pinning. Half-vortices with strings
Eg=— /d2 VH +(Vn)? + €[l — cos(27))]}
A6 =0, An = esin(2n).

Without pinning (e = 0) With pinning (e > 0)

In the case of pinning E®)(r) o r for large distances.



HVusual.swf
Media File (application/x-shockwave-flash)


HVstring.swf
Media File (application/x-shockwave-flash)


Effects of TE-TM splitting

The kinetic energy density can be written as

h? 1

T = e { (Vib3) (Vi) + (Ez - mi> (Vi) (V; 't,bj)}

Elastic energy of a single vortex

2
ES) — Then [(i + i) (k2 +m2)

The main term is the same as without TE-TM splitting with

1 1/1 1
3G
m* 2\m;  my




Integer vortices

(b)

(d) I

©
|
(-1,0) (+1,0)
!

2 2
Cases(a—c): Es; = mh n, Case(d) : E; = mh i3
m* my

Since (1,0) — (1/2,—-1/2)+(1/2,1/2), these half-vortices start to interact.




ICSCEY, 8-12th September 2008 25

Three beams excitation

Vortices in singular optics: J.F. Nye and M.V. Berry (1974).
Several beam excitation: K. O’Holleran, M.J. Padgett, M.R. Dennis (2006)

El + Ez + Eg =0 B Pump Field

i 8¢0’
ot

- T¢a_ %¢0+U0|¢a|2¢0+(0—0_2U1)|¢—a|2¢a+fa(F; t): o==
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Evolution in linear case (1)
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LinearSmall.mpg
Media File (video/mpeg)
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Evolution in linear case (2)
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LinearLarge.mpg
Media File (video/mpeg)
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Nonlinear evolution
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NonLinearLarge.mpg
Media File (video/mpeg)
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Half-vortex lattices (three TE beams)
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ThreeTE.mpg
Media File (video/mpeg)
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One pulse with disorder potential
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WaveInDisorder.mpg
Media File (video/mpeg)


Scattering of elliptically polarized wave
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Conclusions

e Vortices in polariton condensates in planar semiconductor mi-
crocavities carry two winding numbers (k, m). These numbers
can be either integer or half-integer simultaneously.

e Pinning of polarization results in appearance of strings attached
to half-vortices. An account for TE-TM splitting results in the
interaction between left and right half-vortices.

e Vortices can appear when three or more coherent waves with
different directions of their wave vectors overlap. This allows
vortices to be injected into polariton condensates directly by
overlapping several beams, or by using a single beam and ex-
ploiting the scattering of polaritons on disorder.
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