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® Motivation: physical realizations of lattices
with high flux density

® Relationship between different realizations

of topological band structures:

» Adiabatic continuation from Fractional Chern
Insulators to Fractional Quantum Hall states

® Particle entanglement spectrum as a probe
for quantum Hall states in lattices
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Magnetic flux through periodic potentials
I ~

* magnetic field in presence of crystal lo > a n~ 1 |
potentials in solid state systems 0 o ,
r A
* cold atoms in ‘rotating’ optical lattices: g() ~ Q n>1
* Simulating Aharonov-Bohm flux by complex 0~ q n~ 1 O
hopping in tight binding optical lattices 0 — — -
2
0
* Simulating Aharonov-Bohm flux by Berry phases in real space >
Simulation of Landau-gauge (continuum) £ ~ L1/2
“Optical Flux Lattices” g() ~ Qa n~1
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Cold Atoms I: Optical Lattices with Complex Hopping

experimental realisation: optical lattice + Raman lasers

= possibility to simulate Aharonov- B f
Bohm effect of magnetic field L=
. . . — - .
by imprinting phases for ~ b 2.5V 50 »
hopping via Raman transitions by o Sv g% B o % /o
- - = - K /
T e~ T e - —
Q 9 - 54 - '_‘,/f
ZAQ’B — 27Tnv () g
0 O =@

= Bose-Hubbard with a magnetic field (» Lorentz force)

H=—J ;% [Bgzéﬁeif“aﬂ + h.c.] + %Uzo;ﬁa(ﬁa 1) — N%:ﬁa

particle density N vortex/flux density T~ interaction U/J

J. Dalibard, et al. Rev. Mod. Phys. 83, 1523 (201 1)
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Cold Atoms I: Optical Lattices with Complex Hopping
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Cold Atoms II: Berry phases of optically dressed states

J. Dalibard, F. Gerbier, G. Juzeliunas, P. C)hberg, RMP 201 |

spacially varying optical coupling of N internal states (consider N=2) P
0 | A
p>. L[ —A Qg .
H = —1 + = R
2m 2 Op (I‘) A 0
v g
local spectrum E)(r) and dressed states: |\Ifr> SO Yb
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Cold Atoms II: Berry phases of optically dressed states

J. Dalibard, F. Gerbier, G. Juzeliunas, P. C)hberg, RMP 201 |

spacially varying optical coupling of N internal states (consider N=2) P
0 | A
p>. L[ —A Qg .
H = —1 + = R
2m 2 Op (I‘) A 0
v g
local spectrum E)(r) and dressed states: |\I/r> SO Yb

adiabatic motion of atoms in space in the optical potential generates a Berry phase

for N=2, consider Bloch sphere of unit vector 77 = (W,.|G|Uy.)

1
Berry flux generated: Ng = 8—eijkewniaﬂnj8ynk

Solid Angle Q Total flux quanta
= # times Bloch
vector wraps sphere

Region A 0O
/ Mg d*r = —
A 47T
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Cold Atoms II: Optical Flux Lattices

T I
Nigel Cooper, PRL (201 1); N. Cooper & J. Dalibard, EPL (201 1)

periodic optical Raman potentials are conveniently located by standing wave Lasers
yielding an optical flux lattice of high flux density, here ne=1/2a? (fixed)
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(a) Local direction of unit Bloch vector 77 (b) Local density of Berry Flux 71
FIF UNIVERSITY OF

oy

v @Y CAMBRIDGE

Gunnar Méller University of Leeds, November 21, 2012



Cold Atoms II: Optical Flux Lattices

T I
Nigel Cooper, PRL (201 1); N. Cooper & J. Dalibard, EPL (201 1)

periodic optical Raman potentials are conveniently located by standing wave Lasers
yielding an optical flux lattice of high flux density, here ne=1/2a? (fixed)

,,4
:
A

% SR
/ RO AR wee o SO g
G DR ST B ‘ B
v 5
. . = > - . 11K
/ J \ N N\ \ J /s /s,

(a) Local direction of unit Bloch vector 77 (b) Local density of Berry Flux 71
FIF UNIVERSITY OF

oy

Gunnar Méller University of Leeds, November 21, 2012



Fractionalization in Chern bands? Chern #1 Bands

Proposition: correlated states reproduce the physics of FQHE

|2 Selected for a Viewpoint in Physics
PRL 106, 236804 (2011) PHYSICAL REVIEW

I T TS O week ending
LETTERS 10 JUNE 2011 1

Fractional Quantum Hall States at Zero Magnetic Field

Titus Neupert,' Luiz Santos.” Claudio Chamon,” and Christopher Mudry'
' Condensed Marter Theory Group, Paul Scherrer Institute, CH-5232 Villigen PSI, Switzerland
2I)vpurmlvm of Physics, Harvard University, 17 Oxford Street, Cambridge, Massachusetts 02138, USA
*Physics Department, Boston University, Boston, Massachusetts 02215, USA

(Received 22 December 2010: published 6 June 201 1) l)

]

|8 Selected for a Viewpoint in Physics week ending
PHYSICAL REVIEW LETTERS 10 JUNE 2011

PRL 106, 236803 (2011)

Nearly Flatbands with Nontrivial Topology

Kai Sun," Zhengcheng Gu,” Hosho Katsura,” and S. Das Sarma’
'Condensed Matter Theory Center and Joint Quantum Institute, Department of Physics, University of Maryland,
College Park, Marvland 20742, USA
20 . N . - Y, . v ~ Y, . > e
“Kavli Institute for Theoretical Physics, University of California, Santa Barbara, California 93106, USA

1 R . . . . v . o »EOO
Department of Physics, Gakushuin University, Mejirvo, Toshima-ku, Tokyo 171-8588, Japan
(Roraivad IR Nocomhber M0 revised mannserint received 10 March 2011

rithlichad © ¥ ~n e

|&d Selected for a Viewpoint in Physics
PRL 106, 236802 (2011)

= FQHE ?

T . . eek ending
PHYSICAL REVIEW LETTERS 10 JUNE 2011 l
€
3
High-Temperature Fractional Quantum Hall States
Evelyn Tang," Jia-Wei Mei."* and Xiao-Gang Wen' ’
'1)¢-'(mmm-’nr of Phvsics, Massachusetts Institute of Technology, Cambridee, Massachuserts 02139, USA
“Institute for Advanced Study, Tsinghua University, Betjing, 100084, People's Republic of China
(Received 14 December 2010: published 6 June 2011)
 — R —— i
N
Gunnar Méller University of Leeds, November 21, 2012

F UNIVERSITY OF
¥ CAMBRIDGE



Fractionalization in Chern bands? Chern #1 Bands

Proposition: correlated states reproduce the physics of FQHE

|2 Selected for a Viewpoint in Physics
PRL 106, 236804 (2011) PHYSICAL REVIEW

I T TS O week ending
LETTERS 10 JUNE 2011 1

Fractional Quantum Hall States at Zero Magnetic Field

Titus Neupert,' Luiz Santos.” Claudio Chamon,” and Christopher Mudry'
' Condensed Marter Theory Group, Paul Scherrer Institute, CH-5232 Villigen PSI, Switzerland
2I)vpurmlvm of Physics, Harvard University, 17 Oxford Street, Cambridge, Massachusetts 02138, USA
*Physics Department, Boston University, Boston, Massachusetts 02215, USA

(Received 22 December 2010: published 6 June 201 1) l)

]

|8 Selected for a Viewpoint in Physics week ending
PHYSICAL REVIEW LETTERS 10 JUNE 2011

PRL 106, 236803 (2011)

Nearly Flatbands with Nontrivial Topology

Kai Sun," Zhengcheng Gu,” Hosho Katsura,” and S. Das Sarma’
'Condensed Matter Theory Center and Joint Quantum Institute, Department of Physics, University of Maryland,
College Park, Marvland 20742, USA
20 . N . - Y, . v ~ Y, . > e
“Kavli Institute for Theoretical Physics, University of California, Santa Barbara, California 93106, USA

1 . - . . . ~ . o WToQ
Department of Physics, Gakushuin University, Mejirvo, Toshima-ku, Tokyo 171-8588, Japan
(Roraivad IR Noacpmher M1 T-‘\'i\C|| mann\'-'rim received 10 NMarch 2011

rithlichad © ¥ ~n e

|&d Selected for a Viewpoint in Physics
PRL 106, 236802 (2011)

= FQHE ?

T . . eek ending
PHYSICAL REVIEW LETTERS 10 JUNE 2011 l
€
3
High-Temperature Fractional Quantum Hall States
Evelyn Tang," Jia-Wei Mei."* and Xiao-Gang Wen' ’
'1)¢-'(mmm-’nr of Phvsics, Massachusetts Institute of Technology, Cambridee, Massachuserts 02139, USA
“Institute for Advanced Study, Tsinghua University, Betjing, 100084, People's Republic of China
(Received 14 December 2010: published 6 June 2011)
 — R —— i
N
Gunnar Méller University of Leeds, November 21, 2012

F UNIVERSITY OF
¥ CAMBRIDGE



Fractionalization in Chern bands? Chern #1 Bands = FQHE ?
— I

Proposition: correlated states reproduce the physics of FQHE

|2 Selected for a Viewpoint in Physics

PRL 106, 236804 (2011) PHYSICAL REVIEW

10 JUNE 2011

LETTERS week ending 1

Fractional Quantum Hall States at Zero Magnetic Field

Titus Neupert,' Luiz Santos.” Claudio Chamon,” and Christopher Mudry'
' Condensed Marter Theory Group, Paul Scherrer Institute, CH-5232 Villigen PSI, Switzerland
2I)vpm'mwm of Physics, Harvard University, 17 Oxford Street, Cambridge, Massachusetts 02138, USA
*Physics Department, Boston University, Boston, Massachusetts 02215, USA

(Received 22 December 2010: published 6 June 201 1) I)

]

|8 Selected for a Viewpoint in Physics week ending
PRL 106, 236803 (2011) PHYSICAL REVIEW LETTERS 10 JUNE 2011 /

Nearly Flatbands with Nontrivial Topology

Kai Sun," Zhengcheng Gu,” Hosho Katsura,” and S. Das Sarma’ ‘
'Condensed Matter Theory Center and Joint Quantum Institute, Department of Physics, University of Maryland,
College Park, Marvland 20742, USA
*Kavli Institute for Theoretical Physics, University of California, Santa Barbara, California 93106, USA
‘Department of Physics, Gakushuin University, Mejiro, Toshima-ku, Tokyo 171-8588, Japan
(Roraivad IR Noacomher MN10: revised mann\-.-ri‘m received 10 NMarch 2011

rithlichad © ¥ ~n e

|&d Selected for a Viewpoint in Physics week ending
PRL 106, 236802 (2011) PHYSICAL REVIEW LETTERS 10 JUNE 2011 l
€ \
>
High-Temperature Fractional Quantum Hall States
Evelyn Tang." Jia-Wei Mei."* and Xiao-Gang Wen' ’
'1)(-'()41”:"(-'111 of Phvsics, Massachusetts Institute of Technology, Cambridee, Massachuserts 02139, USA
“Institute for Advanced Study, Tsinghua University. Beijing, 100084, People's Republic of China
(Received 14 December 2010: published 6 June 2011)
| — e ———
" [EFE UNIVERSITY OF
Gunnar Méller University of Leeds, November 21, 2012

= ¥ CAMBRIDGE



Fractionalization in Chern bands? Chern #1 Bands = FQHE ?
— I

Proposition: correlated states reproduce the physics of FQHE

|2 Selected for a Viewpoint in Physics

PRL 106, 236804 (2011) PHYSICAL REVIEW

10 JUNE 2011

LETTERS week ending l f

Fractional Quantum Hall States at Zero Magnetic Field

Titus Neupert,' Luiz Santos.” Claudio Chamon,” and Christopher Mudry'
' Condensed Marter Theory Group, Paul Scherrer Institute, CH-5232 Villigen PSI, Switzerland
zl)v/mrmwm of Physics, Harvard University, 17 Oxford Street, Cambridge, Massachusetts 02138, USA
*Physics Department, Boston University, Boston, Massachusetts 02215, USA

(Received 22 December 2010: published 6 June 201 1) "

|8 Selected for a Viewpoint in Physics
PRL 106, 236803 (2011) PHYSICAL REVIEW

LETTERS 10 JONE 2081 |
Nearly Flatbands with Nontrivial Topology

Kai Sun," Zhengcheng Gu,” Hosho Katsura,” and S. Das Sarma’ \
'Condensed Matter Theory Center and Joint Quantum Institute, Department of Physics, University of Maryland,
College Park, Marvland 20742, USA
*Kavli Institute for Theoretical Physics, University of California, Santa Barbara, California 93106, USA
‘Department of Physics, Gakushuin University, Mejiro, Toshima-ku, Tokyo 171-8588, Japan
(Roraivad IR Noacomher MN10: revised |'n;"'|||\'|‘ri‘r\! received 10 NMarch 2011

rithlichad # ¥ ~n e

|&d Selected for a Viewpoint in Physics week ending
PRL 106, 236802 (2011) PHYSICAL REVIEW LETTERS 10 JUNE 2011 ’
€ \
>
High-Temperature Fractional Quantum Hall States
Evelyn Tang." Jia-Wei Mei."* and Xiao-Gang Wen' ’
'I)v(uumu'nr of Phvsics, Massachusetts Institute of Technology, Cambridee, Massachuserts 02139, USA
“Institute for Advanced Study, Tsinghua University. Beijing, 100084, People's Republic of China
(Received 14 December 2010: published 6 June 2011)
| — e ———
2N
Gunnar Méller University of Leeds, November 21, 2012




Characteristic example: The Haldane Model
I

F.D.M. Haldane, PRL (1988), Neupert et al. PRL (201 I)

H=—t1 Y (alar+h.c)—ts Y (alare’®™ + h.c.)
(

rr') ((rr'))
—t3 Y (alar +he) + % > fe(fe — 1)
(((rr))) r

e tight binding model in real spbace on hexagonal lattice
* with fine-tuned hopping parameters: obtain flat lower band, e.g. values [D.Sheng, PRL (2011)]

tl = 1, t2 = 060, t2 = —0.58 and gb = 0.4m
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Topological (flat) bands in two-dimensions
I

* diagonalize Hamiltonian by Fourier transform

H=> ,a aka hap(k)ax g

Bloch states

hap(K)ug (k) = €n(k)u, (k)

e study Berry curvature in n’ band:

Berry connection: = —1 Z un” (k) Viul (k)

Berry curvature: B(k) = Vi A A(k)

Chern number: C = % fBZ dzk B(k)
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Flux Lattices vs Chern Bands

CBS = tight binding model in real space with topological flat bands

real space reciprocal space

real space reciprocal space
FE UNIVERSITY OF

¥ CAMBRIDGE

Gunnar Mbéller University of Leeds, November 21, 2012



Flux Lattices vs Chern Bands

CBS = tight binding model in real space with topological flat bands

real space reciprocal space

real space reciprocal space
FE UNIVERSITY OF

¥ CAMBRIDGE

Gunnar Mbéller University of Leeds, November 21, 2012 TR



Flux Lattices vs Chern Bands

CBS = tight binding model in real space with topological flat bands

real space reciprocal space

- . R

ky ks

Flux

. = tight binding model in reciprocal space with topological flat bands
Lattice N. R. Cooper, R. Moessner, PRL (2012) [arxiv: 1208.4579]

GI;NKI -
absorption of photons = momentum + state transfers

real space reciprocal space
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Flux Lattices vs Chern Bands

CBS = tight binding model in real space with topological flat bands

real space reciprocal space

- . R

Flux
. = tight binding model in reciprocal space with topological flat bands
Lattice N. R. Cooper, R. Moessner, PRL (2012) [arxiv: 1208.4579]
® ® 0.10
) ] ® ]%
- * l0.06
al\ O absorption of photons = momentum + state transfers
real space reciprocal space
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Overview of underlying band structures
I B ~

CBs Flux
(vanishing overall flux) Latti C es
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Overview of underlying band structures
I B ~

CBs Flux
(vanishing overall flux) Latti C es

insertion of flux quanta
through plaquettes [see Wu et al]
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Overview of underlying band structures
I B ~

CBs Flux
(vanishing overall flux) Lattices

insertion of flux quanta
through plaquettes [see Wu et al]
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Overview of underlying band structures
I B ~

CBs Flux
(vanishing overall flux) Lattices

insertion of flux quanta
through plaquettes [see Wu et al]

+ |nteractions
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Interaction driven phases in these bands

FCl FQHE ?

CBs

insertion of flux quanta
through plaquettes Flux Lattices
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Interaction driven phases in these bands

FCl FQHE ?

CBs

insertion of flux quanta

through plaquettes Flux Lattices
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Interaction driven phases in these bands

FC FQHE

CBs

insertion of flux quanta
through plaquettes

T

Flux Lattices
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Strongly correlated states from the Hofstadter spectrum
|

* Hofstadter spectrum provides bands
of all Chern numbers [Avron et al.]
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Strongly correlated states from the Hofstadter spectrum

T
* Hofstadter spectrum provides bands * Interactions stabilize fractional
of all Chern numbers [Avron et al.] quantum Hall liquids in these bands!

e CFTheory: GM & N.R.Cooper, PRL (2009)

1 — 1.8
0.8

0.6

0.4

0.2

* Near rational flux density: LL’s with
additional pseudospin index

R. Palmer & D. Jaksch PRL 2006
L. Hormozi et al, PRL 2012
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Interrelations between different interacting problems

FC FQHE

CBs

T

insertion of flux quanta

through plaquettes Flux Lattices
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Interrelations between different interacting problems

FCI FQHE

CBs

T

addition of oscillatory
magnetic field density
leaves LLL intact:

should be adiabatic

insertion of flux quanta

through plaquettes Flux Lattices
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Interrelations between different interacting problems

adiabatically turning on

FCI lattice confinement
FQHE
CBs M Q

T

addition of oscillatory
magnetic field density
leaves LLL intact:

should be adiabatic

insertion of flux quanta

through plaquettes Flux Lattices

\Y
b \\ g
Gunnar Méller University of Leeds, November 21, 2012 y\:\’\
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Interrelations between different interacting problems

adiabatically turning on

FCI lattice confinement
FQHE
CBs M Q

T

addition of oscillatory
magnetic field density
leaves LLL intact:

should be adiabatic

insertion of flux quanta

through plaquettes Flux Lattices

adiabatic continuation

(Wannier or Bloch basis)
X.-L. Qi (2011),Wu et al (2012),
Scaffidi & Maller PRL (2012),

Liu & Bergholtz PRB (2013) . EEUNIVERSITY OF
Gunnar Méller University of Leeds, November 21, 2012 %\‘5\ E ' CAMBRIDGE




Numerical evidence for “Fractional Chern Insulators”

* existence of a gap & groundstate degeneracy [checkerboard lattice]
* chern number of groundstate manifold

EC- ( K x k:w.]

(O
0.08 - l... " an o --l.l
. o o o
0.04 ¢
3 U=1
0.00F = -
A A
0.02 ¢ N A A
Y /A‘AA A AAa
A A
A U=02
0.00 %
o o Pe®e o
0.04 ¢ AN ' S / "uh _/ ﬁ
YO e o, 0/ 0.,0,0 ¢
® U=0
k=0 1 2 3 < 5
0.00® -
0 < 8 12 16 20 24
[D. Sheng]
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Numerical evidence for “Fractional Chern Insulators”
= I

* existence of a gap & groundstate degeneracy [checkerboard lattice]
e chern number of groundstate manifold

[D. Sheng]
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Numerical evidence for “Fractional Chern Insulators”

I
* existence of a gap & groundstate degeneracy [checkerboard lattice] =~ * o= .ower roe?
e chern number of groundstate manifold [D. Sheng] A
* Finite size scaling of gap * Particle Entanglement Spectra : count of
excitations matches FQHE (here - Laughlin state)
0.1 ; , - 0.3 E— ‘ R ———
P e e
0.08 | ¢ ] - ST CIoTTEETT == TEETI IO
“ < 0.26
_ 006} - ] o 024} _o__— z——zo=__= z_—z===__=_z--=|
> ~ ==ZZSSs===2=55=T"555S-=SS5=So===
< o0o04f Woozp=siiEEESSESSiEezsessiofisescsS
N = : 02} =—=="=====-====_=S==-=========
002'Ny= ) 018_::_;: T === .
N/=9 e | T
0 : : - 0.16 ' '
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“Fractional Chern Insulators (FCI)” [N.Regnault & A. Bernevig, PRX | 1]
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Numerical evidence for “Fractional Chern Insulators”

|
* existence of a gap & groundstate degeneracy [checkerboard lattice] ~ * o. .omen st
e chern number of groundstate manifold [D. Sheng] 3 Ep A
* Finite size scaling of gap * Particle Entanglement Spectra : count of
excitations matches FQHE (here - Laughlin state)
0.1 - . - 0.3 E— , Y —
P e e
0.08 | ¢ ] - ST CIoTTEETT == TEETI IO
“ < 0.26
. 006 - D N e —
= ~ ==ZZ=Ss===s=25sT-SSC==s:s:ssS=s=s==
< 004 W 022pmE__gSESCoSESSEScSESSiSsssestos
N =3 - 02f-=====S==S======-=-Z=-"=="S====
0.02 | Ny=6 1 —=_ = - =Z==C o
y VRT3 S —— R
Ny :9 ®
0 . ; : 0.16 : :
0 0.05 0.1 0.15 0.2 0 5 10 15 20 25 30
1N Ky+ Ny * K,

“Fractional Chern Insulators (FCI)” [N.Regnault & A. Bernevig, PRX | 1]

[' Strong numerical evidence for QHE physics, but no clear organising principle for different lattice modelsj
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Understanding Fractional Quantum Hall states

* Single particle states are analytic functions in symmetric gauge A= —7r N B
2 .
_ 4 L — e :
Dy O 2Me 1217/ 4k0 Zj = Tj T 1Y;

* Many particle states are still analytic functions - can write explicitly!

12
e.g. Laughlin: \IJV:L — H(Zz L Zj)me_ Zz |Zz’ /460
™m
1<
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Understanding Fractional Quantum Hall states

* Single particle states are analytic functions in symmetric gauge A= —7r AN B
2 .
- 4«6 S — . .
b x 2™e 2| /4€o Zj = X + 1y,
* Many particle states are still analytic functions - can write explicitly!

12
e.g. Laughlin: \IJV:L — H(Zz _ Zj)me_ Zz |24 /4o
m
1<J

* Wavefunctions are nice! Can understand many features

+ Incompressibility ~ + Quasiparticle excitations: charge / statistics

: (N
+ Correlations / You name the observable... sl S
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Understanding Fractional Quantum Hall states

* Single particle states are analytic functions in symmetric gauge A= —7r N B
2 .
_ 4 L — e :
Dy O 2Me 1217/ 4k0 Zj = Tj T 1Y;

* Many particle states are still analytic functions - can write explicitly!

12
e.g. Laughlin: \IJV:L — H(Zz L Zj)me_ Zz |Zz| /460

1<J
* Wavefunctions are nice! Can understand many features Can we construct
wavefunctions
+ Incompressibility ~ + Quasiparticle excitations: charge / statistics for
: o0 ?
+ Correlations / You name the observable... e Chern Insulators?
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Mapping from FQHE to FCI: Single Particle Orbitals
I ~

7EEts

* Proposal by X.-L. Qi [PRL’| I]: Get FCI Wavefunctions by mapping single particle orbitals
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Mapping from FQHE to FCI: Single Particle Orbitals
I ~

FQHE

TaE

* Proposal by X.-L. Qi [PRL’| I]: Get FCI Wavefunctions by mapping single particle orbitals

* Idea: use Wannier states which are localized in the x-direction
* keep translational invariance in y (cannot create fully localized Wannier state if C>0!)

W (z, ky) Z EF ke k)
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Mapping from FQHE to FCI: Single Particle Orbitals
I ~

FQHE FCI

* Proposal by X.-L. Qi [PRL’| I]: Get FCI Wavefunctions by mapping single particle orbitals

* Idea: use Wannier states which are localized in the x-direction
* keep translational invariance in y (cannot create fully localized Wannier state if C>0!)

x,ky
Wz ky)) = S5 ke, ey
ko

* Qi’s Proposition: using a mapping between the LLL eigenstates (QHE) and localized Wannier
states (FCI), we can establish an exact mapping between their many-particle wavefunctions
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Mapping from FQHE to FCI: Single Particle Orbitals
I ~

* Proposal by X.-L. Qi [PRL 1 I]: Get FCI functions by mapping single particle orbitals

* Idea: use Wannier states which are localized in the x-direction
* keep translational invariance in y (cannot‘ate fully localized Wannier state if C>0!)

x,ky
Wz ky)) = S5 ke, ey
ko

* Qi’s Proposition: using a mapping between the LLL eigenstates (QHE) and localized Wannier
states (FCI), we can establish an exact mapping between their many-particle wavefunctions
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Wannier states in Chern bands

e Some formalism
H = Zk Cl,k o 045 (k)CALk7B Hamiltonian
h a3 (k)u5 (k) — €n (k)ug (k) Eigenstates
— —7 Z un* Vku k) Berry connection

e construction of a Wannier state at fixed £,

X(ky)

X

A
PANSA

ik-(R+6,) CI:{
o

1
CL’O‘: \/—NZG

€_ikwm‘]€x, ky>
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Wannier states in Chern bands

e Some formalism
H = Zk CLk o 045 (k)CALkﬁ Hamiltonian
haﬁ (k)ug (k) — €n, (k)ug (k) Eigenstates
.A(TL, k) = —1 Z ug* (k)VkuZ (k) Berry connection

e construction of a Wannier state at fixed £k, in gauge with Ay =0

X(ky)

/\

a=3
a=1 a=2

/\

1 .
Ck,a - \/N Z e’ ( )CR,a
R

G_ikwx‘kx, ky>

Wiwky)) =~ 2. .
x
ka
‘Parallel transport’ of phase
Berry connection indicates change
of phase due to displacement in BZ
Gunnar Méller University of Leeds, November 21, 2012
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Wannier states in Chern bands

e Some formalism

/\

a=3
H = Zk CLk o 045 (k)CALkﬁ Hamiltonian f E i i
a=1 a=2

haﬁ (k)ug (k) — €n, (k)ug (k) Eigenstates

P - 1 Z pik (R+84) 1
.A(n, k) = —1 Z ug* (k)VkuZ (k) Berry connection ko /N = R,

e construction of a Wannier state at fixed £k, in gauge with Ay =0

X (Fy) ke, O
W (2, ky)) = \/L_y 3 « gihe T
T kw
‘Parallel transport’ of phase
Berry connection indicates change
of phase due to displacement in BZ
Gunnar Méller University of Leeds, November 21, 2012

y/a
).
&4/ 4

x e Rk k)

[
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Wannier states in Chern bands

e Some formalism

a=3
H Zk a’k o 045 (k)&k,B Hamiltonian T ij
hO‘B (k)ug (k) — €n (k)ug (k) Eigenstates a=1 a=2

P - 1 Z pik (R+84) 1
.A(n, k) = —1 Z ug* (k)Vkug (k) Berry connection ko /N = R,

e construction of a Wannier state at fixed £k, in gauge with Ay =0

. 0(kqy) .
W (z, ky)) = x etke =z = e\ k)

Ly

ka

ky-dependent phase ‘Parallel transport’ of phase

factor, or "gauge’
Berry connection indicates change

of phase due to displacement in BZ

More on gauge of Wannier orbitals:Y-L Wu, A. Bernevig, N. Regnault, PRB (2012)
i UNIVERSITY OF
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Wannier states in Chern bands
— I

e construction of a Wannier state at fixed k, in gauge with Ay =0

o 0(ky) .
W (x, ky)) = Y ihs =g o e=tha®|f 1 )
k

‘Parallel transport’ of phase

Berry connection indicates change
of phase due to displacement in BZ

* or, more simply we can think of the Wannier states as the eigenstates of the position operator

. 19 _ .
X0 = Jim, % g e XW (2, ky)) = [ = O(ky)/27]|W (. k)
* role of : displacement of centre of mass of the Wannier state
27
0(ky) = Az (Pay by )dp
0

FIE UNIVERSITY OF
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An example: The Haldane Model

H=—t1 Y (alar+h.c)—ts Y (alare’®™ + h.c.)
(rr') ((ex’))
—t3 Y (alar +he) + % > fe(fe — 1)

({Gre))) r

* tight binding model on hexagonal lattice
* with fine-tuned hopping parameters: obtain flat lower band

tl = 1, t2 = 060, t2 = —0.58 and gb = 0.4m
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Conventions for numerical evaluation

—
Real Space Reciprocal Space
Ly — 1 e ° ° °
Ny = 0\——« ° °
N, =0 L,—1
vy = sin(vy)e, + cos(y)e, G = 27me, /Ly sin(v)
Vo =€, Go = 27— cot(y)e, + €,/ Lo
A few remarks:
* choose ‘periodic’ gauge with Bloch functions: Ug(k + LiGi) = Ug (k)

e use discretized Berry connection A2 (q1,q2) = Slog [ul* (g1, q2)un (g1 + 1, q2)]

k q1 (kx)
e discretize its integrals by the v ~
rectangle rule /0 Aw(Pes ky)dpe — Z A7 (q1,42)
g1=0

. [EF UNIVERSITY OF
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Qi’s Mapping
— I

* Can introduce a canonical order of states with monotonously increasing position:

3
k, = 2mn, /L,
A 2
9 K, = k, + 2rx = 21j/L,
: FQH .
Y0 1 2 3

Ky/?ﬂ'

More on Wannier states:

Y-L Wu, A. Bernevig, N. Regnault,
PRB (2012)

27
— / B(pfm ky)dpx Z.Liu & E. Bergholtz, PRB 2013
0

* Increase in position for k, = k, + 2n = Chern-number C, as

9 1 90(k,)

(X9 — —
8ky< e 2w Ok,
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Case study: Bosons with contact interactions
I

=k, + 2mx = 27j /L,

EPaX = Ny — 1 expand Hamiltonian in single-particle orbitals KM = L, x L, — 1
Y (finite size, periodic boundary conditions)

_ AT AT A
H = E : ViijaigagaC 3165 033034

j17.72a.737.]4
¢ Landau level momentum ¢ Linearized momentum
conserved:
S S S mod L,
%1]2;]334 X 5]1"‘.72:.]3"‘]4 %1]2;]3]4 5,]1"‘]2,]3"‘]4

T. Scaffidi, GM, PRL (2012)

[arxiv:1207.3539]
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Case study: Bosons with contact interactions

Hint X Z(S(TZ — Tj)

AR

=k, + 2mx = 27j /L,

EPaX = Ny — 1 expand Hamiltonian in single-particle orbitals KM = L, x L, — 1
Y (finite size, periodic boundary conditions)

_ AT AT A
H = E : ViijaigagaC 3165 033034

jl 7.]2 9.73 7.]4
¢ | andau level momentum ¢ Linearized momentum
conserved:
L S mod L
‘/}132;]334 X 531 TJ2,7)3T )4 %1]2;]334 5]1 +72, j3+ 74

Different conservation laws

T Scaffidi, GM, PRL (2012) — Problems live in different Hilbert spaces

[arxiv:1207.3539]

Gunnar Mbéller University of Leeds, November 21, 2012



Matrix elements in the Wannier basis

1nt0<;5 i —T5) k/ I"
K, =k, + 21z =2nj/L, £

FCI _ o A
H o Z W(kyl 331) W(kyg .CUQ) W(kﬁy3,$3)CW(ky4,ZC4)

kyl 7ky2 7ky37ky4
L1,L2,L3,T4

ky1+ky2=kys+kya

*(xl’kyl) #(T2,ky2) p(x3,k y3)f(334 kya)
kxl ka ka k$4

/‘

kxlakaakw37k$4
‘/jle;ij4 < kz1+keoo=kz3+kza

S ug (kaust (ko) (s, (a)

\CL A,B
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Case study: Bosons with contact interactions
I

Th. Scaffidi & GM, Phys. Rev. Lett. 109, 246805 (2012) [arxiv:1207.3539]

* Magnitude of two-body matrix elements for delta interactions in the Haldane model

V(i —75) o 6(75 = 75)

FQHE FCI
0
. o ° - B
_I
e InVaar ! O S In Voo
- ] -1 - N [ W (S o -1
S5 S, |l [ o B
S < ]
L] o Tl -2
=~ ﬂH =* EE
I mE | P |
8 l:":‘ - -3 + l:‘ . 4 -3
S > S £l ] [ ] Cl
8 N (]
- -4 _ -4
) L = o
L]
I L] I [ B [ 1
g L] 5 8 = Cl 5
I S = B
S S
-6

tot __ tot __ tot __ tot __ tot __ tot __
Kit=0 K*=4 Ki=38 Kit=0 Kit=4 Kft=38

* System shown: two-body interactions for L, X L, =3 X 4

* Matrix elements differ in magnitude, but overall similarities are present
* Different block-structure due to non-conservation of linearized momentum K,

* Lack of translational invariance of matrix elements in momentum space
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¥ CAMBRIDGE

Gunnar Moller University of Leeds, November 21, 2012 R



Reduced translational invariance in Ky
|

* A closer look at some short range hopping processes

FQH

uu&uu&u&uuua
<V11 (Vzo (Voo

I_IL_II_II_II_II_IL_II_II_II_II_IL_I

@
~ L\
FCI 09
o
@@ 1@ 'uu ® \¥
(gn C S
8 0 N —
= 0 2 4 6 8 10
o .i .'1' — .i —
" ' " Center of mass position
s s s 1 2
K, + K
¢ for FCI: hopping amplitudes depend on position of centre of mass / K,
Gunnar Méller University of Leeds, November 21, 2012
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Interpolating in the Wannier basis
.

N
e Can write both states in single Hilbert space with the same overall structure
(indexed by Ky) and study the low-lying spectrum numerically (exact diagonalization)
e Can study adiabatic deformations from the FQHE to a fractionally filled Chern band
Arcr
H(z) = ——— (1 — z)H" WM 4 1"
ArQHE
§ J
e Here: look at half-filled band for bosons
FQHE of Bosons at Half filled band of the
V= 1/2 (flattened) Haldane-model
Laughlin state Same topological phase!?

1 T — O

Gunnar Maller University of Leeds, November 21, 2012 \ A “’I”’ CAMB RIDGE



Evaluating the accuracy of the Wannier states: Overlaps

4 A
e Can write both states in single Hilbert space with the same overall structure
(indexed by Ky) and study the low-lying spectrum numerically (exact diagonalization)
e Can study adiabatic deformations from the FQHE to a fractionally filled Chern band
Arcr
H(z) = ——— (1 — ) HFHE 4 3 FCL
ArQHE
§ J
Overlap Weight in GS sector
2 2
[{W(z)|®) Pras V)]
i e eN=6,3x4] |
Bosons at *—k N=6,4x 3
_ - - v—v N=8,4x4 | 1
v=1/2 +#N=104%5
Il I Il I Il I Il I Il Il I Il I Il I Il I Il
0'70 02 04 06 08 1 0'70 02 04 06 08 1
FQHE X FCI FQHE X FCI : '
Th. Scaffidi & GM, Phys. Rev. Lett. (2012) [arxiv:1207.3539] ‘ EF UNIVERSITY OF
& @Y CAMBRIDGE

Gunnar Mbéller University of Leeds, November 21, 2012



Adiabatic continuation in the Wannier basis
— I

e Spectrum for N=10:

FQHE FCI

FrrTrT 0.075 007
01t L] oo os LT
0.12 + 1 41 0.025 0.025 +

A bl 0 ;—?_ng L
01F0 51015 01234
0.08 o &

« ++ |
wof 4 T T T T AL
o.oi% ]
002 | ++++++++a
( T x x x x
0 0.2 0.4 0.6 0.8 1
xXr

Th. Scaffidi & GM, Phys. Rev. Lett. (2012) [arxiv:1207.3539]

Gunnar Mbéller University of Leeds, November 21, 2012
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Adiabatic continuation in the Wannier basis
— I

e Spectrum for N=10: » Gap for different system sizes & aspect ratios:

FQHE FCI FQHE FCI

g () 075 0075 F T 0.06 '
0.14 M 0.0 0.05 V+++++: L
012 F 1 0.025 0.025 | o Al 0.05
AT 0 | S —— i
010 5 1015 01234/ 0.04 4
oos| B o 1 N=6.3x4 |_
= | :~: :~: % ;*; E~E %; %; <0.031- ooz_— —_ ;N;é, 4;3 n
0.06 - =+ - S 1| —e N=8. 4x4 | 1
T T 0.02F [ TS| == N=l0, el
0.04 | ] | il st | e+ N=10, 5x4] |
0.02 X2+ + + + + + + + + %% 0'01__ 0 ulos I :}11 I ulls o2 __
( . . . . . | . | : | . | .
0 0.2 0.4 0.6 0.8 1 % 0.2 0.4 - 0.6 0.8 1
X

Th. Scaffidi & GM, Phys. Rev. Lett. (2012) [arxiv:1207.3539]

Gunnar Mbéller University of Leeds, November 21, 2012
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Adiabatic continuation in the Wannier basis

I
e Spectrum for N=10: » Gap for different system sizes & aspect ratios:
FQHE FCl FQHE FCI
T () (075 007 T 0.06—— ' ' ' '
ST s 0.05 oos LT i e S
0.12 | f 1 0.025 0.025 1 o + 0.0 et S SRy
Lo, N 0 0 ‘?‘Xl L L 006 — T |
0.1 +F0 5 10 15 012 3 4+ 0.04F ospF————g—F v - _
0.08 | Ko o] T [ N=6, 3x4
= % ;*; E~E - <0.03- 0.03- . e—eN=6: 4x3 | ]
0.06 1 |- - ER S - 1|+ N=8, 4x4 |1
T 0.02- "L T35 | oo N=10, 4x5|-
0.04 + R L 001 it . N=10, 5x4| |
0.02 + X2+ J‘» + J‘» + + JT + + 1 0'01__ 05— ()Al()s I S}ll I ulls o2 __
( . . . . s | . | i | . | .
0 0.2 0.4 0.6 0.8 1 % 0.2 0.4 - 0.6 0.8 1
T

* We confirm the Laughlin state is adiabatically connected to the groundstate of the
half-filled topological flat band of the Haldane model (N

¢ Clean extrapolation to the thermodynamic limit - (unlike overlaps)

Th. Scaffidi & GM, Phys. Rev. Lett. (2012) [arxiv:1207.3539]

Gunnar Mbéller University of Leeds, November 21, 2012
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Entanglement spectra and quasiparticle excitations
— I

* Entanglement spectrum: arises from Schmidt decomposition of ground state into two groups A, B
=> Schmidt eigenvalues & plotted over quantum numbers for symmetries within each block

Oy =) D e =i 2uL ) o e))

geometrical partition

)
)

particle partition

qguasihole physics

edge physics

18
16} - Laughlin, N=8, Na=4
14} _—
o 12} - -
10} = - -
8f- -Z-_=1=I2I_ )
6-_ - T -
o 5 10 15 20 25
La
4 a
Dominant (universal) eigenvalues of PES
yield count of excited states - and their
wavefunctions - from groundstate
wavefunction only!
J

\_

credit: A. Sterdyniak et al. PRL 201 |
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Entanglement spectra and quasiparticle excitations
— I

* Entanglement spectrum: arises from Schmidt decomposition of ground state into two groups A, B
=> Schmidt eigenvalues & plotted over quantum numbers for symmetries within each block

Oy =) D e =i 2uL ) o))

geometrical partition

7

[
|

particle partiti§

Gunnar Moller

18

16}
14}
12}
10}

8 L
’ edge physics 6l

Laughlin, N=8, Na=4

(

\_

La
N
Dominant (universal) eigenvalues of PES
yield count of excited states - and their
wavefunctions - from groundstate
wavefunction only!
J

credit: A. Sterdyniak et al. PRL 201 |
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FCI: Adiabatic continuation of the entanglement spectrum

— I
Total #eigenvalues below entanglement gap Total #eigenvalues below entanglement gap
= 4x(201 + 200 + 200 + 200 + 200) = 804 + 800 + 800 + 800 + 800

15 15w N =10

10 10

T ! ! - - ! Nyg=5
) 5)
0O 5 10 15 01 2 3 4

‘Infinite’ W
entanglement
gap for pure

Laughlin state

Dictionary:

-|||||||
\
Same number of

12.5F states for all x

_—
7.5

FQHE x FCI

_ Z Z 6—5%"3/2\\112,7;} ® !‘sz>

Th. Scaffidi & GM, Phys. Rev. Lett. (2012) [arxiv:1207.3539] FF UNIVERSITY OF
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Finite size behaviour of entanglement gap
= I - -

12

0 | | | |
O 0.2 0.4 0.6 0.8 1

FQHE FCI

* The entanglement gap remains open for all values of the interpolation parameter &
* Finite size scaling behaviour encouraging, but analytic dependency on system size unknown
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Conclusions: FCI wavefunctions from Wannier states
= I

¢ Wavefunctions of FCl’s in the Wannier basis are similar but not
identical to FQH states in the Landau gauge

v=1/2 using Qi’s mapping between Wannier basis and FQH eigenstates

* FCl wavefunctions not very accurate for the Haldane model

{ * We demonstrated the adiabatic continuity of the ground states at
[ (higher overlaps in models with N>2 sublattices)

higher overlaps also by explicit gauge fixing, see:
Wu, Regnault, Bernevig, PRB (2012)

Th. Scaffidi & GM, Phys. Rev. Lett. 109, 246805 (2012) [arxiv:1207.3539]
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