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® |ntroduction:Artificial gauge fields and strongly
correlated states on lattices

® |attice geometry as a key to Hofstadter spectra:
square vs dice lattice

® Effective low-energy model of bosons on the dice
lattice
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® Many-body phases in the resulting flat-band model:

» Gross-Pitaevski mean-field approach

» Numerical study of phases at low particle density
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® Some thoughts about localised states in flat bands
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Artificial Gauge Fields on Optical Lattices

experimental realisation:
optical lattice + Raman lasers
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= Bose-Hubbard with a magnetic field (» force de Lorentz)
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J. Dalibard, et al. Rev. Mod. Phys. 83, 1523 (201 1)
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Many-body states of bosons on the square lattice

Quantum Hall Regime

»driven by onsite repulsion U

»promiment states from the continuum
limit: Laughlin state, Jain composite
fermion states, Moore-Read state

»novel QH states stabilized by the lattice

C (e L] ve vt

Sorensen et al. PRL 2006
Palmer & Jaksch, PRL 2006,
GM & N.R. Cooper, PRL 2009

Bose Condensates with
Vortex Lattices

»always exist for weak repulsion U
»can survive to large U

»can be thought of as vortex lattices
»states break discrete lattice symmetries

»experimental realization: |. Bloch

(@ Cubiclattice \(b JKk=1.01) (€ JK=25(1) )

hks ~ EXp EXp

short lattice alone
(no Raman drive)
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GM & N.R. Cooper, PRA 2010
Duri¢ & Lee PRB (2010), ...
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Single particle spectrum as the hidden key
I
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A N L Ty, .
e |, =» novel Fractional Quantum
;';-- "Ii,. 7
- %, - Hall states beyond those
“._ - known in the continuum!

narrow band (lowest Landau level) ny=1/2: wide bands E
=» Fractional Quantum Hall states =» condensates
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Lattice geometry as the key to Hofstadter spectrum
- I -

‘dice’-lattice at flux density ny

nv=1/2: perfectly flat bands!

| gt | "4 %
i R Ql:How to
_ |' . ow . generate this model?

2f ;"?j ' [y e | £\ jf“? ] Q2:What are the
al many-bc?dy phases 9f
5 v 1 |nteraFt|ng bosons in
Reduced flux ny thIS ﬂat band?

Vidal, Mosseri, Dougot, PRL (1998)
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Realizing a dice lattice with cold atoms
|

» three standing waves at 120° at antimagic wavelength, e.g. for Yb (mutually incoherent)
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Gerbier & Dalibard, NJP 2010

Yb in ground state

Yb in excited state

» use Raman lasers to drive hoppings between neighboring sites of different
species =¥ dice-lattice geometry
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Realizing a dice lattice with cold atoms
L [N

» three standing waves at 120° at antimagic wavelength, e.g. for Yb (mutually incoherent)
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Realizing a dice lattice with cold atoms
L [N

»one more laser at antimagic wavelength to break symmetry within magnetic unit cell

extent of magnetic unit cell
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Realizing a dice lattice with cold atoms
L [N

» a total of 8 Raman lasers is required to drive the transitions between different sublattices
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Raman transitions for the Dice lattice set-up

Choice of gauge A,;: implementation of Raman driven transitions

S|:standing wave
to break mirror

P1...P6: propagating
perpendicular to

plane
(P3 phase shifted)

LI, L2: propagating
with in-plane
momentum

: f L2/]
>
TT phase
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Hamiltonian & Single particle wavefunctions
| ~

|. Choose a gauge A4,

Note |:can choose H real!
H Time-Reversal Symmetric

i H He L Note 2: magnetic unit cell

Q‘ has 6 sites at flux density 1/2
C
2. Understand SP states

Hs

% “Aharonov-Bohm cages”
}A Ha Vidal, Mosseri, Dougot, PRL (1998)

A Next: add Interactions!
jGZA“’J + hC) o .
Assume onsite interactions

<J,p>
can have Ug+Us3
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Effective dynamics and projection to lowest band

weak interactions: nU/t < 1

project to lowest band!

distinct sites: gauge!

Matrix elements:

Vigkt =Us Y &7 (1)@ (1) (1) du (1)
+Us Y ¢7(0)85(0)br(a)du(q)

i,j,k,| label orbitals in lowest
band, localized around the
sites of a the triangular
lattice

ELE UNIVERSITY OF

Gunnar Méller LPTHE/LPTMC Jussieu, Juillet 2013

% o

o @Y CAMBRIDGE

&



Resulting model: “Activated Hopping”

» projected model lives on triangular lattice!

1.° ) ‘e 1 1
\ \/ BT |. Onsite Interactions
B
VZ
A \
v, /\

i (,5)
+3 Z [azjkéjé;éi + aﬁéjéjﬁk + h.c.}
A(i,5,k)

where: 71 = LUs + 5 Us, 7o = 55Uz, 13 = 27 U3
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Resulting model: “Activated Hopping”

» projected model lives on triangular lattice!

2a. Nearest Neighbor

*

\ N/

~"‘ 72 . .
. g Interactions
B @ g
Y2

sz @ 2b. Correlated Pair
A Hopping

i (,5)
+3 Z [U;]kéjé;éi + aﬁé);éjﬁk + h.c.}
A(i,5,k)

1 1 1 1
where: 71 = LUs + 5 Us, 7o = 55Uz, 13 = 27 U3
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Resulting model: “Activated Hopping”

» projected model lives on triangular lattice! 4 h

signs/phases for 3-orbital terms
VARV @ , . |
B @ZX@_ &Jr

VZ
A A
S & .& A ;
\ g J G J )
_ AT2 A2 AT2 A2
Hproj =M § nz( — 1 + 2 E [nznj +C _|_ G
i (1,3)
~ ~9 kAt~ A
+73 E [O‘kaT Tck + azchc]nk + h. c}
A(i,5,k)
here: = 1Us + 57 U U U
whnere: 71 4 Y6 o4 Y3 Y2 = 3, V3 = 144 Y3
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Resulting model: “Activated Hopping”

pI‘OJ =71 Z n,L — 1 —|— Y2 Z [nzn] AT2 A2 _|_ 6;263}
(4,7)
T3 Z [UkkéT Té% + UzzéTéJ’ka + h.c. :|
A(4,5,k)

where: 71 = 1Us + 55Uz, 72 = 55Uz, 73 = 15 Us

* Projected model has finite range interactions
* Time reversal symmetric
* All interactions are of density-density type

* Can tune ratio of to
via the free parameter
U = UG/Ug
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Many-Body Physics of the Dice Lattice Model
- I

|. Gross-Pitaevski Mean Field Theory

= exp Za] [vac.)

2. Exact Numerical Diagonalization

H|T) = E|D)

orb

Zma H (&)™ (@) vac.)

» Note: i,/ label orbitals in lowest band
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Gross-Pitaevski Mean-Field Theory |

e Regime of validity for Ansatz |V¥) = exp Zoéjé;f- vac.)

» Large density n>1

» Remain in projected model nU <t

» Grand canonical ensemble: introduce chemical potential [

* Minimize expectation value of energy given

ZVzgkzOé oy — MZ\%F

17kl

» Note: i,j,k,[ label orbitals in lowest band
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Gross-Pitaevski Mean-Field Theory Il

» Groundstates are vortex
lattices when expanded on
full dice lattice (all sites)

» density: distinct values on
6-fold hubs and 3-fold rims

for u = 1: ng = 2n;3

» phases correspond to
groundstate solutions of

fully-frustrated xy-model on \ 'f

the dice lattice
S. E. Korshunov, Phys. Rev. B, 63 (2001) GM & N.R. Cooper, PRL 108, 043506 (2012)

» TT-Flux vortex lattices with no more than three

neighboring plaquettes with same sign of vorticity
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Gross-Pitaevski Mean-Field Theory Il

) .\
S res N
AR AN
SO AN a9 AN
FRan See s
-4y 9944
L qut )0 g au® g

"

atterns

P

illustration credits: S. E. Korshunoy, Phys. Rev. B, 71 (2005)

» More examples of groundstate vortex
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Low density limit

H,r0; does not induce any dynamics for
particles which are not nearest neighbors

» Densest packing of particles in lowest band yields 3x deg.

crystalline groundstate ) — ST 4 nit 4 mits]vac
at band filling v = 1/3 [Pe) H 7t 1 2| |vac.)
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Correlated regimes at intermediate particle density?

» How do fluctuations affect the highly degenerate groundstate!?

» How do fluctuations disorder the crystalline phases at small n?

0.2 —

% La) T ]
. . . ‘B B 0.015 —
ED, using limit 5 O5T Fwl I P
O al‘ge u > — N IR | 2
60 o5l 04 0.6V 0.8‘»"‘;{_3% unstable to
. . . 0 ) 3,//“’/
» analyse different finite size & | e |
. . . . Qh—g=—— i- ! !
lattices with periodic 0.3 0.4 0.5 0.6 .

boundary conditions

» vary band filling v = 3n

unidentified
phase atv = 1/2

Compressibility

e—e 3x3 Jattice A

4x3 lattice |
o—¢ 3x4 lattice | -}
a—a 3x5 ]attice
5x3 lattice

crystal

Gunnar Méller LPTHE/LPTMC Jussieu, Juillet 2013
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Characteristics of the phase at filling 1/2
| ~

» Reminder:

projection yields >
triangular lattice

» Projection reduces system size to 1/3 of original

number of sites.
» Can achieve system size of |6 particles on 32 sites

for (hard-core) bosons at half filling, corresponding
to 96 sites of the dice lattice!
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Characteristics of the phase atfilling 1/2

» Particle-Particle Correlations (exact groundstate, 4x2 unit cells)

3hf- o @ e o

» symbol size ~
n-o @ o @ (Un(7)0(0)|P)
h- o @ e o

» correlations indicate crystalline long-range order with basis
(2171, 272)
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Characteristics of the phase atfilling 1/2

» Break translational symmetry explicitly, taking superposition of
four lowest-lying eigenstates |.S)

3h- o o o e - > symbolsize ~

2h_— o . .......... PR @ _ (Sn(r)|S)

i ; | 4
h- @ o . e 4 |5)= E ;| Uy)
OF ’ """"" O ’ ° 1 » coefficients:
0 d 2a 3a 4a see next slide

» confirms crystalline order anticipated from correlations
(2171, 272)
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Spectrum under twist of boundary conditions

— I
0.27 T T T T T T | | | T | T | T |
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(,0) (t/2,0) (0,0) Omx/2) Omx) (/2,7 (7,m) 0 a 2  3a 4a

0.22

» finite spin stiffness is indicative of a superfluid component
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Condensate fraction at filling 1/2?
| ~

» Construction of state |S) : maximize largest eigenvalue of
single-particle density matrix p,; = <§;féj>

T T ] » blue dot size ~
3hr - -0 -9 ® - 7 particle fluctuations
_ _ "2 _9
h- > - <@ - 1 {SInA(M)]S) —n
hi ® > O -@® @ | *redarrows:magnitude
and phase of largest
ok . - - - | eigenvector of p = |
I S condensate wavefunction
0 a 2a 3a 4a

» Suggests simultaneous presence of both crystalline and
superfluid fraction!
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Finite Condensate fraction in thermodynamic limit?
I B

» Examine finite size scaling of condensate fraction

A
e\ =A<
=N BX2 v 7
Ny 4x2
a3
Z v
O
< i 4x4 .
/ v V=001
A Vp=0.1
+ | S>
o | ! |
0 0.05 N-l 0.1

» confirms the presence of a supersolid ordered phase in the
half filled band! Experimental detection: in-situ / expansion
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Conclusions |
= I

® Dice lattice is an attractive model to study many-
body physics in flat, time-reversal symmetric bands

® The model has a rich phase diagram, including:

»  Crystals, Mott Insulators

» Supersolids, intricate degenerate vortex lattice phases

® Activated hopping processes emerge as a generic
feature of topologically trivial flat band models, and
drive the formation of this complex phase diagram

GM & N.R. Cooper, Physical Review Letters 108, 043506 (2012)
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Differences between TRI and Chern bands
— I

» Maximally localized wavefunctions in bands with Chern numbers C >0
are more extended

C=0 C =2

(1, 2 A) (e 6 .¢ A)
|4 1R
(—1e * A) (43¢ 3.0) (co,c )
7\ - 2N )
(v3e-°0) 3(e 3.1A) ( 0)
(e6,c3A) 3(e 2 LA) 3(1.10) (ebe °A)
QL
1 1 o’ 21T
(ebe 3 M) B3(1.14) (e 3.1A) (€ o.C3A)
\ : i in
( 0) 3(¢ 3.1A) (43¢ 3.0)
1914 ; . 1
(ebedn) @ (3e30) (—1,e 3 A)
1 . 1 )
(C C A (1.C A)
graphics:Wang & Ran, PRB (201 1)
Gunnar Méller LPTHE/LPTMC Jussieu, Juillet 2013 v \w

~ [EFE UNIVERSITY OF
“% 49 CAMBRIDGE



Hybrid Wannier functions in Chern bands
|

» To visualise, think about localising wavefunctions in one direction, first

3
! o
K- 3
v 1
FQH
' FC
00 : ; .
Ky/g’ﬂ'

Wz, ky)) = Z f/i:’ky) Koy Koy) » Increase in position for k, = k, + 2n
ko = Chern-number C
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Hybrid Wannier functions in Chern bands
|

» Fully localized state mixes different momenta &, and thus positions <x>

3
A 2
P
v
» m.i>$ed : FQH
posmf)ns FCI
contribute () e .
0 1 2 3

Ky/g’ﬂ'

‘W(% y)) = Z g, IW(z,ky))  » Increase in position for k, = k, + 2
Ky = Chern-number C

» fully localized Wannier states have an extent of ca. (C+1/) unit cells
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Advert: Analytic Continuation between FQHE and FCI

4 )
® Can use single particle Wannier states to construct
an analytic continuation between incompressible
quantum liquids in C=1 Chern bands (fractional
Chern insulators) and the fractional QHE

» for a numerical study of fractional Chern insulators in the hybrid
Wannier basis, see Th. Scaffidi & GM, PRL 109, 246805 (2012).

FQHE FCI

1] 0 ] ] 0
]DDD I N
| [ -1 = ml E

4 K'=8

tot
0 K,

L
L]

N
un
T
tot
Ky
T
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